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CRYSTALLINE LIFTINGS AND WEIGHT PART OF SERRE’S 

GONJEGTURE 

HUI GAO 


Abstract. We prove some new cases of weight part of Serre’s conjecture for 
mod p Galois representations associated to automorphic representations on 
unitary groups U(d), by (partially) generalizing the main local results of Gee- 
Liu-Savitt to higher dimensions. Namely, let p > 2 be an odd prime, K/Qp a 
finite unramified extension, p : Gk —t GLd(OQ ) a crystalline representation 
with distinct labelled Hodge-Tate weights in the range [0,p], such that the 
reduction p is upper triangular. Under certain technical conditions, we prove 
that there exists an upper triangular crystalline representation p' such that 
HT(p') = HT(p) and p' ~ p. 
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Introduction 

Let p > 2 be an odd prime, K a hnite unramihed extension over Qp with residue 
held k, K a hxed algebraic closure, and Gk the absolute Galois group Ga\{K/K). 
Let S := {k : K ^ K} be all the embeddings of K into K. Fix one kq G S, and 
recursively dehne Ks+i € 5 to be such that Kj+i = Ns(modp). The subscripts are 
taken mod /, so k/ = kq- Fix a system of elements in A, where ttq = tt is 

a uniformizer of K, and = 7r„,Vn. Let A„ = A"(7r„), Aoo = U)jAQA(7r„), and 
Goo := Gal(A/Aoo). 

Let E/Qp be a hnite extension that contains the image of every embedding of 
K into K, Oe the ring of integers, loe a hxed uniformizer, kE = Oe/ojeOe the 
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residue field. We can decompose the ring K E = Ilg^Q E, and let 1 S iii (giQj, E 
map to (eo, ■■■, £f-i) e n{~gE. 

Let y be a crystalline representation of Gk over an ill-vector space of dimension 
d. Let D be the associated filtered (/j-module over K E, which decomposes as 
D = nf'piis, where Ds = £sD. Suppose (D) = HT(Ds) = Vs = {0 = Ts.i < 

• ■ • < rs,d < p} (note that we require min(HT(Ds)) = 0 for all s). Let p = T he a 
G^-stable 0£:-lattice in V, and p := T/ujeT the reduction of T. 

Theorem 0.1. Suppose that the reduction p is upper triangular (i.e., successive 
extension of d characters). Suppose that 

• Condition (C-1) is satisfied, and 

• Either (C-2A) or (C-2B) is satisfied. 

Then there exists an upper triangular crystalline lifting p' off such that HTs(p) = 

HT,(p'),Vs- 

Here, Conditions (C-1) and (C-2A) (or (C-2B)) are the technical conditions 
that we have to assume, see Section 3 and Section 6 respectively. We list several 
cases when these conditions are satisfied. 

Corollary 0.2. Suppose that the reduction f is upper triangular, i.e., there ex¬ 
ists an increasing filtration 0 = Fil*^p C Fil^p C ... C Fil'^p = p such that 
FiLp/FiL^^p = < i < d, where Xj are some characters. If one of the 

following conditions is satisfied, then there exists an upper triangular crystalline 
lifting p' off such that HT„^(p) = HTk 3 (pO for all 0 < s < f — 1. 

(1) K = Qp, the differences between two elements in HT(il)o) are never p — 1. 

Andxf^Xj 7^ < j, where 1 is the trivial character, andsp is the 

reduction of the cyclotomic character. 

(2) For each s, the differences between two elements in HT(ils) are never 1. 
And for one sq, p-1 ^ BT{Dso).And xf^Xj l,ep, Vi < j. 

(3) For each s, the differences between two elements in HT(ils) are never 1. 
For one sq, p — 1 ^ HT(ilso)- For one 0<Sq</ — 1, HT(ilg'^) (it is 
possible that sq = SgJ. 

(4) For each s, HT(ils) C [0,p— 1]. And for one sq, p — 1 ^ HT(ilsQ). 

Theorem 0.1 is a (partial) generalization of the main local results in [GLS14] to 
the higher dimensional case. However, our result is not complete as that in [GLS14], 
due to the technical conditions (C-1) and (C-2A) (or (C-2B)). We will point out 
these difficulties in the paper. 

Our local theorems have direct application to weight part of Serre’s conjecture 
for higher dimensional representations (as conjectured in [BLGG14]). Here we give 
a sketchy statement of our theorem. See Theorem 8.3 for full detail. 

Theorem 0.3. Suppose p > 2. Let F be an imaginary CM field, with maximal to¬ 
tally real subfield F~^ such that F/F'^ is unramified at all finite places, and all places 
V in F'^ over p splits completely in F. Furthermore, assume that p is unramified 
in F. 

Suppose r : Gp ^ GLd(Fp) is an irreducible representation such thatr ~ rp_t(n), 
for an RACSDC automorphic representation H of Ghd{A^F) with weights (whose 
corresponding Hodge-Tate weights are) in the Fontaine-Laffaille range and level 
prime top. Suppose furthermore some usual Taylor-Wiles conditions are satisfied. 
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Now suppose that for each w\p in F, r \gf^ upper triangular. Let 

— i \ ^ ',U„|pHom(fe„,Ip) 

a — [aw)w\p ^ (^-|_)o 

be a Serre weight, such that 

• au),K,i - am.fc.d < P - d + l,yw \ p,K € Hom(fcu,, Fp), and 

• Ou, G iy'=™(r |gf„),Vw I p. 

Suppose furthermore that for eaeh w \ p, any one of the listed f conditions 
in Theorem 8.3 is satisfied. (These conditions directly correspond to the listed 4 
conditions in Corollary 0.2). 

Then, r is automorphie of weight a. 

Remarks on some related papers. Our paper gives the first “general” evidence 
towards the weight part of Serre’s conjectures, with no restriction on the dimension 
d or the unramified base field K, and outside the Fontaine-Laffaille range (although 
of course with many restriction on the Hodge-Tate weights). Here are some remarks 
on some related papers. 

The case when d = 2 is fully solved (when p > 2) by [GLS14] (when K is 
unramified) and [GLS15] (when K is ramified). Our paper is a direct generalization 
of [GLS14, GLS15]. In loe. cit., many results are proved in an ad hoc way since 
d = 2. The key insight in our paper is that we can reprove several theorems in 
loc. cit. in a way that can be generalized to higher dimensions (e.g., Proposition 
4.1 in our paper). Also, with the help and inspiration from the unpublished notes 
[GLS], we are able to formulate our crystalline lifting theorems in a new way (see 
Section 5 and Section 7) that can lead to better understanding of (p, G)-modules. 
In particular, we can generalize Theorem 0.1 to the case where K is ramihed (see 
forthcoming [Gaol5a]). We also note that by using some different crystalline lifting 
techniques, we can strengthen the result in Corollary 0.2(1) (i.e., the K = Qp case) 
in the forthcoming [GaolSb]. 

The paper [BLGG14] treated the case when K = Qp and p is semisimple of 
any dimension d (see Corollary 4.1.14 of loc. cit.). In particular, when d = 3, 
there is a much more explicit and detailed result (Theorem 5.1.4 of loc. cit.), 
although the detailed calculations for d = 3 seem quite difficult to generalize to 
higher dimensions. We are also notified that [EGHS14] has some more work along 
this line. In the case when K = Qp, d = 3 and p is absolutely irreducible, there is 
also the result of [EGH13], using totally different techniques (the weight cycling). 
However, the method can only treat p absolutely irreducible, and the weight cycling 
method seems quite difficult to generalize to higher dimensions. We also note that 
in the preprint [MP14], when K = Qp, d = 3 and p is upper triangular, by the 
method of weight elimination, they have produced a set of possible modular weights. 
And we are notified that there is the independent work [LMP14] to show that these 
weights are modular. Finally we want to remark that [BLGG14, EGH13, MP14] 
can treat (or produce) Serre weights (whose corresponding Hodge-Tate weights are) 
outside the [0,p] range, whereas our paper can only treat the [0,p] range. 

Strategy for the main local results. Now, let us sketch the strategy of the 
proof of our main local result (Theorem 0.1). The strategy follows closely that of 
[GLS14] and [GLS15], and uses an induction process. 

Let Wl be the Kisin module attached to T, which is a free module of rank d over 
kF(fc)|Ml <E)Zp Oe, and decomposes as fBt = n{“Q911s, where iXtls = esfXH. We regard 
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DJls -1 as a (/j(0£;|u])-submodule of 9Jt*. The first step in our proof is to control 
the shape the reduction of the Kisin module (i.e., the shape of DJI) associated to 
crystalline representations, and we can give an upper bound for the number of these 
shapes. 

Kisin modules only give us information on the Goo-action on representations. 
However, when the reduction of T is upper triangular, under certain technical 
conditions, we can show that the Goo-action already determines the Gi^-action. 
All these results put restrictions on the possible shapes of reductions of crystalline 
representations when the reduction is upper triangular. The number of possible 
shapes of reductions is also bounded by the upper bound we mentioned in the last 
paragraph. 

The next step is to show that upper triangular crystalline representations already 
give rise to enough upper triangular reductions. We can give a precise number 
of all these upper triangular reductions coining this way, which happens to be 
exactly the same as the upper bound we mentioned in the last paragraph. Thus by 
pigeonhole principle, all upper triangular reductions of crystalline representations 
can be obtained by reductions of upper triangular crystalline representations, and 
Theorem 0.1 is proved. 

Structure of the paper. We now explain the structure of this paper. In Section 
1, we review the theory of Kisin modules and {(p, G)-modules with O^j-coefhcients. 
In particular, we review the structure of rank-1 modules. In Section 2, we take the 
first step in studying the shape of upper triangular torsion Kisin modules (which 
comes from reduction of crystalline representations). In Section 3, we introduce 
the Condition (C-1), which helps to avoid certain complication in the shape of 
upper triangular torsion Kisin modules. Then in Section 4, with the assumption 
(C-1), we can continue the studies in Section 2, and give an upper bound for 
the shapes of upper triangular torsion Kisin modules that we study. In Section 
5, we show that certain set of extension classes have natural G^-module (and 
sometimes, fc£:-vector space) structures, which will be used in the induction process. 
We also show that these 0_E-module structures are compatible with each other. In 
Section 6, we introduce the two conditions (C-2A) and (C-2B). When either of the 
two conditions is satisfied, then roughly speaking, the Goo-information that Kisin 
modules carry actually determine the full Gif-information. In Section 7, we prove 
our main local result, combining everything in the previous sections. It relies on an 
induction process, where the d = 2 case are proved in [GLSI4]. Finally in Section 
8, we apply our local results to weight part of Serre’s conjecture. The application 
is straightforward, using automorphy lifting theorems proved by [BLGGTI4]. 

Notations In this paper, we frequently use boldface letters (e.g., e) to mean a 
sequence of objects (e.g., e = (ei,..., e^) a basis of some module). We use Mat(?) 
to mean the set of matrices with elements in ?. We use notations like ..., 
to mean a diagonal matrix with the diagonal elements in the bracket. We use Id 
to mean the identity matrix. 

In this paper, upper triangular always means successive extension of rank-1 
objects. We use notations like £{md, ■ ■ ■ ,mi) (note the order of objects) to mean 
the set of all upper triangular extensions of rank-1 objects in certain categories. 
That is, m is in £{md, ■ ■ ■ ,m-i) if there is an increasing filtration 0 = Fil° m C 
Fil^ m C ... C Fil'^m = m such that ¥\V'm/ m = mi,Vl < i < d. Note 
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that we do not define any equivalence relations between elements in this set. This 
is in contrast with some other sets which we define in Section 6 (with notations 
Ext(=i=, *)). 

We normalize the Hodge-Tate weights so that HTK(ep) = 1 for any k ■. K ^ K, 
where Sp is the p-adic cyclotomic character. 

(Notations for p-adic Hodge theory rings) We recall some notations in 
p-adic Hodge theory and integral p-adic Hodge theory. All these notations in fact 
work for all K /Qp with no ramification restriction. 

We fix a system of elements {pp^K^Tg in K, where = 1, Pp is a primitive p-th 
root of unity, and /ip„+i = iip^,'in. Let 

it'poo = U„_giL(p,p"), K = ATqOjP” = Uri=0^(^"i )• 

Note that K is the Galois closure of AToo, and let 

G = Ga.\{k/K), Hk = G&\{k/Koo), Gp^ = Gal{k/Kp^). 

When p > 2, then G ~ Gpoo xi Hk and Gpoo ~ 2p(l) by Lemma 5.1.2 of 
[LiuOS] , and so we can (and do) fix a topological generator r of Gpoo. And we can 
furthermore assume that = ikbil fQj- 

Let G = AT be the completion of AT, with ring of integers Oc- Let R := lim Op/p 
where the transition maps are p-th power map. i? is a valuation ring with residue 
field k {it is the residue field of G). A is a perfect ring of characteristic p. Let 
W{R) be the ring of Witt vectors. Let e := ^ 1L= {T^n)'k=o ^ 

let [e], [tt] be their Teichmiiller representatives respectively in W{R). 

There is a map 0 : W{R) Oc which is the unique universal lift of the map 
R —>■ Oc/p (projection of R onto the its first factor), and Ker0 is a principle ideal 
generated by ^ = [w] -|- p, where id & R with = —p, and [w] S W(R) its 
Teichmiiller representative. Let := fim^ W(A)[i]/(^)”, and AdR := Aj"j^[i]. 
Let t := log([e]), which is an element in A(^j^. 

Let Acris denote the p-adic completion of the divided power envelope of W (A) 
with respect to Ker(6>). Let A+j^ = Acris[l/p] and AcRs := -B+jJi]. Let A^t := 
Acris[A] where X is an indeterminate. There are natural Frobenius actions, mon- 
odroiny actions and filtration structures on Acris and Ast, which we omit the defi¬ 
nition. We have the natural embeddings Acris C Ast C AdR. 

Let © := LF(fc)|u], E{u) € W(k)[v\ the minimal polynomial of tt over LF(fc), and 
S the p-adic completion of the PD-envelope of 6 with respect to the ideal {E{u)). 
We can embed the W(fe)-algebra W{k)[u\ into W{R) by mapping u to [tt]. The 
embedding extends to the embeddings & ^ S ^ Acris- 

The projection from A to A: induces a projection v : W{R) —i- LF(fc), since 
i^(Ker0) = pLF(fc), the projection extends to v : Acris —t W{k), and also v : 
^cris ^ W(k)[^]. Write 

:= Ker(z. : A+, ^ W{k)\^\), 

and for any subring A C A+j^, write I+A = A n Ker(i/). Also, define 
^‘"’^c'-ris := e : pkx) G Fir A+i,, for all k > 0}, 
and for any subring A C write /[”1A := A n AA^. 
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There exists a nonzero t S W{R) such that (p{i) = Cq where cop is the 

constant term of E(u). Such t is unique up to units in Zp, and we can select a such 

t such that t = Xip{t) with A = G For all n, is a 

principle ideal, and by Lemma 3.2.2 in [LiulO], ((/?(t))” is a generator of the ideal. 
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1. KiSIN modules and (v?, Gj-MODULES WITH COEFFICIENTS 

1.1. Kisin modules and ((^, Gj-modules with coefficients. In this subsection, 
we recall useful facts in the theory of Kisin modules and {p, G)-modules with Oe- 
coefficients. All theories we recall in this subsection work for any K/Qp and any 
P- 

Recall that G = LF(A:)|m] with the Frobenius endomorphism (pe : G —> G which 
acts on W{k) via arithmetic Frobenius and sends u to u^. Denote 

&Oe ■= 6 ®Zp Oe, &kE ■= ® GZp kE = fc|u] <8)Fp kE, 

and extend pe to &Oe (resp. Gfe^) by acting on Oe (resp. kE) trivially. Let r be 
any nonnegative integer. 

• Let ' Modg^ (called the category of Kisin modules of height r with Oe- 

coefficients) be the category whose objects are Go^-modules 311, equipped 
with p : ^ dyt which is a pe„ -semi-linear morphism such that the span 

of Im((^) contains i5(u)’'3Jl. The morphisms in the category are Gog-linear 
maps that commute with p. 

• Let Modg^ be the full subcategory of 'Modg^ with 371 ~ ©ig/Goe 
where / is a finite set. 

• Let Modg be the full subcategory of 'Modg with 371 ~ (Biei&kE 
where / is a finite set. 

For any integer n > 0, write n = (p — l)q{n) -|- r(n) with q(n) and r(n) the 
quotient and residue of n divided by p — 1. Let = (p"?!") • (jf(n)!)“^ • t", we have 
^{"1 g Acris- We define a subring of 

OO 

G SxoJi 0 as * ^ OO 

i=0 



Rko ■ 
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Define TZ := TZko D W{R). Then is a v^-stable subring of W{R), which is also 
Gif-stable, and the G/f-action factors through G. Denote 

Roe ■= Oe, W{R)oe ■= W{R) (8)Zp Oe, 

and extend the Gif-action and (^-action on them by acting on trivially. Note 
that &Ob C Roe^ (p : &Oe Rob t>e the composite of Pboe ■ ®C>e ^ 

&Ob the embedding &Ob Roe- 

Definition 1.1. Let' Modg^ be the category (called the category of{p, G)-modules 
of height r with Oe- coefficients) consisting of triples where, 

(1) (91t, s' Modg^ is a Kisin module of height r; 

(2) G is a Roe -semi-linear G-action on 911 := Roe ®v,&oe 

(3) G commutes with := ® Pm! 

(4) Regarding dJl as a p{&Oe)- submodule ofiffl, then dJl C ; 

(5) G acts on the trivially. 

A morphism between two (p, G)-modules is a morphism in Modg^ which com¬ 
mutes with G-actions. 

In this paper, we are concerned with the following two subcategories. 

• Let Modg’^^ be the full subcategory of ' Modg^^ where OH S Modg^^ . 

• Let Modg^ be the full subcategory of ' Modg^ where 911 G Modg^ . 

We can associate representations to Kisin modules and {p, G)-modules. 

Theorem 1.2. 

(1) Suppose dJl € Mod-Q^ of <SoE~uunk d, then 

Te{m) := Homs.^(91t, W(i?)) 

and 

:= Hom6op,,<^(911, IT(i?)og) 

are naturally isomorphic as finite free Oe- representations of Goo of rank d. 

(2) Suppose dJt S Modg of &kE-uank d, then 

Te{M) := Hom6,<p(91l, W(i?) ®Zp Qp/^p) 

and 

TskE^^) IL(i?)c)E ®Zp Qp/Zp) 

are naturally isomorphic as finite free kE-representations of Goo of dimen¬ 
sion d. 

(3) Suppose W S Modg^ where 91t is of & a p,-rank d, then 

f{m) := Hom^^^(im,W(i?)) 

and 

fea,m ■■= Rom^^^ jm,W{R)aE) 

are naturally isomorphic as finite free Oe- representations of Gk of rank d. 
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(4) Suppose DJI € Modg*^ where DR is of&kE -rank d, then 
f{m) := RouLj^^im, WiR) ®Z^ Qp/Zp) 

and 

■■= llom^^^^^im,W(R)oE Qp/Zp) 

are naturally isomorphic as finite free ks-representations of Gk of dimen¬ 
sion d. 

Proof. These statements are first prove in [Kis06], [LiulO] without considering the 
Oe (or fc£:)-coefficients. For the proof concerning Oe (or fcp;)-coeSicients, and the 
isomorphisms between the two ways of constructing representations, see Proposition 
3.4, Theorem 5.2 of [GLS14], as well as Proposition 9.1.8 of [Levl3]. □ 

We summarize some useful results about Kisin modules and {(p, G')-modules with 
coefficients. 

Theorem 1.3. 

(1) For DR G Modg^^, we have Te{DR/ujEDR) ^Te{DR)/ujETe{DR). 

(2) The functor Tq : Modg^ —)• Rep£)g(Goo) is exact and fully faithful. 

(3) Suppose V is a semi-stable representation of Gk over an E-vector space, 
with Hodge-Tate weights in {0, .. .,r} when considering V as a Qp-vector 
space. Suppose L C V is a Goo-stable OE-lattice, then there exists DR G 
Modg^^, such that Te{DR) ~ L. 

Theorem 1.4. 

(1) For DU € we have f (OT/wbIH) ~ f(Dl)/ujET(m). 

(2) There is natural isomorphism T(DR) \g,^— Tq(DR) as OE[Goo\-i’epresentations. 

(3) T induces an anti-equivalence between the category Modg^ and the cat¬ 
egory of Gk- stable OE-lattices in semi-stable E-representations of Gk with 
Hodge-Tate weights in {0, ... ,r} (when considering V as a Qp-vector space). 

Remark 1.5. The proof of the statements in Theorem 1.3 and Theorem 1.4 can 
either be found or easily deduced, from Section 3, Subsection 5.1 of [GLS14], and 
Section 4 of [Levl4]. They are in turn, based on works in [Kis06], [LiulO], [GLll], 
where they developed the theory without (!l£;-coe0icients. We also remark that 
Statement (3) in Theorem 1.4 first appeared in Theorem 4.1.6 of [Levl4]. 

1.2. {p, G')-modules when p > 2. When p > 2, the theory of {p, G)-modules 
becomes simpler. 

Lemma 1.6. Suppose p > 2. Let G Modg^ . Then is uniquely determined 
up to isomorphism by the following information: 

(1) A matrix G Mat(©c>g) for the Frobenius p : DR ^ DR, such that there 
exist B G Mat(©c)g) with A^B = E{uYld. 

(2) A matrix A^ G Mat(i?c>E) (for the r-action t : Dft ^ Dft) such that 

• Ar — Id G Mat(/+7^c>E), 

• ArT{p{Ap)) = p{A,p)p{Ar). 

• g{Ar) = rifco^ ^ for all g G Goo such that ep{g) G Z-°. 
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Proof. This is because when p > 2, we have G ~ Gp^ x Hk, and Gpcx. is topologi¬ 
cally generated by r. The last bullet item {g{Ar) = ^ in Condition 

(2) is needed by Proposition 1.3 of [Carl3]. □ 

We can detect (p, G)-modules that are crystalline, thanks to the following the¬ 
orem. 

Theorem 1.7 ([GLS14], [Ozel4]). Suppose p > 2, and let DJI G Modg^ . Then 

T(91t) 0c>E E is a crystalline representation if and only if 

(r - i)(mi) e im n (nPp(t)w(i?) im) = imn {uPy}{i)w{R)o^ a^)- 

Proof. Necessity is by Proposition 5.9 of [GLS14], sufficiency is by Theorem 21 of 
[Ozel4]. □ 

Remark 1.8. By Theorem 1.7 and Lemma 1.6, when p > 2, to give a crystalline 
(tp, G)-module IH S Modg^ is the same to give 

(1) A matrix G Mat(Gc>E) Frobenius, such that there exist B G 

Mat(Gc>E) with A^B = E{uYId. 

(2) A matrix A^ G Mat(iZc)g) (for the r-action) such that 

• Ar — Id G Mat(7tc)E G {uPip{i)W{R)oj^)), 

• ArT{ip{Ap)) = ip[A^)^p{Ar). g{Ar) = T^{Ar) for all g G Goo 

such that £p(p) G Z-°. 

1.3. Rank 1 Kisin modules and (tp, G)-modules. Now, we recall some useful 
facts about rank-1 Kisin modules and ((p, G)-modules with G£;-coefficients. See 
Section 6 of [GLS14] and Section 5.1 of [GLS15] for more details. In this subsection, 
we have to assume that K/Qp is unramified and p any prime number (except Lemma 
1.14, where we assume p > 2). The ramified case will be developped in [Gaol5a]. 

Definition 1.9. Let t = (to, • ■ • Af-i) h sequence of non-negative integers, a G 
k^. Let D)t{t;a) := DJl{to,... ,tf-i;a) = rank-1 module in 

ModS such that 

• dyi{t;a)s is generated by Cs, and 

• (p(es-i) = {a)sU*’‘es, where (a)e = a if s = 0 and (a)s = 1 otherwise. 

Definition 1.10. Let t = (ip, ■ • ■, t/-i) be a sequence of non-negative integers, 
a G Oe. LetdJl{t-d) := 91l(to, ■ ■ •, t/-i; a) = rank-1 module 

in Modg^ such that 

• dJl{t;a)s is generated by Cg, and 

• (p(es_i) = (a)s(u — 7r)‘*es, where (d)s = d if s = 0 and (a)^ = 1 otherwise. 

Lemma 1.11. The following statements hold. 

(1) Any rank 1 module in ModS is of the form a) for some t and a. 

(2) When d is a lift of a, d) / uj E^it] d) ~ lSl{t;a). 

(3) There is a unique OT(t;d) G Modg’^ such that 

• The ambient Kisin module o/91t(t;a) is DJl{t;d), and 

• T(91t(t;a)) is a crystalline character. 
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And in fact, 

/-I 

f{m{t;d))=Xal[f^lA 

s=0 

where tps is certain crystalline character such that HTi('!/;s) = 1 if i = s, 
HTi('0s) = 0ifi^ s, and Aa is the unramified character ofCx which sends 
the arithmetic Frobenius to a. 

(4) There is a unique G Modg^ such that the ambient Kisis module 

is dyi{t;a). Furthermore, T{SJt{t;a)) is the reduction of Td)) for any 
lift d G Oe of a. 

Proof See Lemma 6.2, Lemma 6.3, Corollary 6.5 of [GLS14]. □ 

Definition 1.12. Let 01 = DJlft; a), define as(Ol) = 

Clearly we have as(Ol) + ts = f3as-i(01) for any s. 

Lemma 1.13. Let ^ a), fTl =iXtl{t';a'), then 

(1) T(&C) |/^— where Wg : —>■ Fp^ is the fundamental character 

corresponding to Fg ■ k ^ ¥p (the reduction of Kg). 

(2) The following are equivalent: 

(a) T(01) ~ T(^ ) as Gk- representations. 

(b) Te(Ol) ~ T6(01 ) as Goo-representations. 

(c) Os (01) — Os (01) € Z for some s (and thus all s), and a = a'. 

(d) J2iZo pd~^~"tg = J2iZo pd~^~H'gimodpd - 1), and a = a'. 

(3) There exists nonzero morphism 01 —>■ 01 if and only z/as(01)—as(01) G Z>o 
for all s, and a = a'. 

Proof. See Lemma 5.1.2 of [GLS15] and Proposition 6.7 of [GLS14]. □ 

We recall the following useful lemma. 

Lemma 1.14 ([GLS14], Lemma 7.1). Let p > 2, to,... ,tf-i G [—p,p] such that 
= 0(modp'^ — 1). Then one of the following holds: 

(1) {to,...,tf-i) =±{p-l,...,p-l), 

(2) to,. ■. ,tf-i considered as a cyclic list, can he broken up into strings of the 
form ±(—l,p— 1,... ,p— l,p) (where there might be no occurrence of p— 1 ) 
and strings of the form (0,..., 0). 

2. Shapes of upper triangular torsion Kisin modules-I 

In this section, we study the shape of torsion Kisin modules coming from reduc¬ 
tions of crystalline representations. We will often use the notations listed below. 
(CRYS.) Let p > 2 be an odd prime, K/Qp a finite unramified extension. 

• Suppose K is a crystalline representation of ill-dimension d, such that the 
labelled Hodge-Tate weights are HT„^(il) = HT(Zls) = Ts = {0 = rg^i < 
■ ■ ■ < rg,d < p}- 

• Let p = T be a G^f-stable O^j-lattice in V, and Vfl G Modg^ the (p, G)- 
module attached to T. Let p := T/lueT be the reduction. 
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• Let be the decomposition, where = EsSOt- And similarly 

for the ambient Kisin module 971 = OTls. 

• Denote IH the reduction modulo a;_E of 971, so it decomposes as IH = 
nCpldls. And similarly for the ambient Kisin module 971 = n{rg971s. 

Theorem 2.1 ([GLS14] Theorem 4.22). With notations from (^CRYSj. There 
exists an OEluj-basis {esy}o<s</-i,i<i<d o/971 such that 

• Bs = (es,i,..., es,d) is an OE\u\-hasis o/971s for each s. 

• We have (^(es_i) = BsXs^sYs where XgjYs S GLd((!7£;|M]) ,Ys = /d(mod 
lve), and As = [E{uy ^’\..., E{uY‘’y. 

Proposition 2.2. Let 91^ = 97l(ti; Ui) = 971(fi,0) ■ • ■, Oi) for 1 < i < d. Sup¬ 

pose 971 € Modg^ such that 971 € £(91^,..., 91i) is an upper triangular extension. 
Then there exists basis Bg = (csp,..., Cs^d) o/971s, such that 


ip{Bs-i) = (es)As = (e^) 




V 




UTiere Ag is an upper triangular matrix such that: 


(1) The diagonal entries in the matrix are {ai)gU*'’‘'. 

(2) The entries on the upper right Xg^j £ kE[u\ are polynomials for j > i, and 

deg(Xsyj ) < lj,s- 

(3) Unless if 3 nonzero 91j —>■ 91i for j > i, then for any one choice of so, 
Xso,i,j can have an extra term of degree tj^s„ + Q;s(,(91j) — aso(91i)- 


Proof. This is easy generalization of Proposition 7.4 of [GLS14], by induction on 
the dimension d. 

□ 


Proposition 2.3. With notations from ('CRYS). Suppose that p is upper tri¬ 
angular. Then 971 is upper triangular, i.e., 971 £ f (91^,..., 91i) where 91^ = 
971(lip,..., lij_i, Oi) are some rank-1 torsion Kisin modules. Furthermore, for 
any s, we have {lys,..., = {es,!, ■ ■ ■, Vg^d} as sets. 

Proof. 971 is upper triangular by Lemma 4.4 of [Ozel3]. By Theorem 2.1, there 
exists basis Bg of 971s such that (p(es_i) = esAs[M’’'’’L ■ • ■ where rgp < • • • < 

rg,d. _ _ _ 

Since 971 £ £’(91rf,... ,91i), by Proposition 2.2, there exists another basis fg = 
{fs,i) of 971s such that ip{f g_i) = f gAg where Ag is upper triangular with diagonal 
elements being (ai)sM‘^’'’, . ■., {ad)sU^'^'^ ■ 

Suppose Bg = fgTg for all s, then we will have 

Ag=TgXg[u-‘-\...,u-‘’^MTf-_\). 

Then we can apply the following lemma to conclude (let M = Ag,B = TgXg, D = 
..., and A = (p(T^Ci) in the following lemma). □ 

Lemma 2.4. If we have M = BDA, where 
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• Mg Mat(fe_E|M]) which is upper triangular with diagonal elements being 

, CdU^"^, where Ci G ,Vi; 

• B € GL(i(fc£;|M]), D = ..., with 0 < ri < ... < r^ < p, and 

A G GLd(fc£;|wP]) (note here that we do not need ri to he distinct); 

then {G, • ■ •, td} = {ri ,..., r^} as sets. 

Proof. Write A = (atj), and suppose that aki,i is the top most element in coli(A) 
that is a unit (which exists because A is invertible). Then multiply both sides of 
M = B[u ^^, • ■ ■, u'^'^]A by the following invertible upper triangular matrix 

,d \ 

, 1 \ 

0 
0 

1 / 

Let (a)j) = A' = AC (which is still in Mat(/c£;|MP|)), then coli(A') = coli( 2 l), 
and ■ = 0 for j > 1. And M' = MC has the same diagonal of M. So we 
can and do assume that we already have is the top most unit in coli(A), and 
= 0 for j > 1. Now, do the same procedure for the second column of A. 
That is, suppose afc 2,2 is the top most element in col 2 (A) that is a unit, then make 
0 ^ 2 ,j = 0 for j > 2. In the end, we can assume that is the top most unit in 
cob(A), and aki,j = 0 for j > i. Clearly we have {fci,..., kd} = {1,..., d} as sets. 

Then it is clear that \ cob {DA) (using the fact that non-units in kE lu^]] are 
divisible by and 0 < ri < • ■ • < < p). So \ co\i{BDA), and we will have 

I yfi However, by a determinant argument, ’'fci = Sfci 

so we must have || u*%Vi, that is tj = rfc^,Vi. □ 

3. Models of upper triangular torsion crystalline representations 

Before we can proceed further with the study of shape of upper triangular torsion 
Kisin modules, we need to introduce the condition (C-1). The aim is to make sure 
that when 971 G £{^d, • ■ •, 9Ti), there does not exist 1 <i < j < d, such that there 
is nonzero morphism 9Ij —> (i.e., so that the situation in the Statement (3) of 
Proposition 2.2 does not happen). 

Definition 3.1. (1) For a rank-1 module 971 = 97l(to, • ■ •, 7/-i; a) S ModS , 

k jg 

define WT(97l) as the ordered set {to,... ,tf-i}- 
(2) For an upper triangular module 971 G £{2fld, ■. ■ ,9Ii), define WT(97t) to be 
the d X f-matrix, where rowi(WT(97t)) = WT(91i),Vl <i<d. 

Definition 3.2. Let 

• Cl) ■ • ■ 5 Cd ■ Gk be d characters. 

• ho, ■. ■, hf-i be f sets, where hs is a set of d distinct integers in [0,p], for 
each 0 < s < / — 1. 

A model of the ordered seguence {C]^,..., Cd} with respect to the ordered sequence 
{ho,..., hf-i] is a d X f-matrix 

A’ — {ni^s)l<i<d,0<s<f—li 

such that 

• cols (A’) = hs as sets of numbers, for 0 < s < f — 1; 


I 1 


C = 
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• For each 1 < i < d, there exists a rank-1 torsion Kisin module defined by 
97t(ni_0; ■ • ■; cLi) for some Ui € kf, such that 

Tq, q, . . . ^ Qi)) — Ci IGoo 

With notations from (CRYS.), suppose p is upper triangular, that is, p £ 
for some characters. By Proposition 2.3, there exists some rank-1 
torsion Kisin modules 91i,...,01d, such that IH G f (Old,..., 91i) and Te(9Jl) = 
p . Suppose Oli = VJKfifi, ..., Oi). Then Ui are uniquely determined, and 

cols(WT(2)l)) = , td,s} is equal to HT(ils) as sets of numbers. So, the ma¬ 

trix WT(911) is a model of {xi, ■ ■ ■ ,Xd} respect to {HTo(Il),..., HT/_i(Z))}. 
For many theorems in our paper, we will need to have the following condition. 

Condition (C-1); Suppose p G ; Xd); tfi^n {xi, ■ ■ ■ ,Xd} has a unique 

model with respect to {HTo(Il),..., HT/_i(D)}. 


Remark 3.3. It is clear that when condition (C-1) is satisfied, Xi ^ Xj)'^* 7^ j- 
So in particular, the situation in Statement (3) of Proposition 2.2 will not happen. 

Here are some examples when the condition is satisfied. 

Lemma 3.4. The condition (C-1) is satisfied if one of the following is true, 

(1) K = Qp, i.e., f = 1, and the differences between any two elements in 
HT{Dq) are never p — 1. 

(2) For each s, the differences between two elements in HT(Ils) are never 1. 
And for one sq, p — 1 ^ HT(Zls(,). 

(3) For each s, HT(Zls) C [0,p— 1]. And for one sq, p — 1 ^ HT(Ilsi,). 

Proof. If N is another model other than WT(S[)1), then by Lemma 1.13, for each i, 
TOWi{N) — rowi(T) will satisfy the solutions in Lemma 1.14. □ 

The naming of the concept of model reflects our initial intention to generalize 
results in Subsection 8.2 of [GLS14] and Subsection 5.3 of [GLS15]. In particular, 
we wanted to find some maximal model, which will help us to prove an analogue of 
Proposition 5.3.4 of [GLSI5]. Unfortunately, we are not able to achieve this. ^ 

4. Shapes of upper triangular torsion Kisin modules-II 

Proposition 4.1. With notations from (^CRYSj and Proposition 2.3. Suppose 
that p is upper triangular, and there does not exist 1 < i < j < d, such that there 
is nonzero morphism 2fij —>■ (e.g., when Condition (C-1) is satisfied). 

• Let 971 G £{2(ld, . •., 91i) where 91^ = 97t(ti^0) ■ • ■) o,i) in Proposition 

2.3. _ 

• Let Bg be a basis ofVJls as in Proposition 2.2, such that (p{es-i) = (es)Als 
where Ag satisfies the statements of Proposition 2.2. (Statement (3) of 
Proposition 2.2 will not happen, because of Remark 3.3). 


^In an earlier version of the current paper posted on ArXiv, we presented some interesting 
results on the study of these models. Since these studies have no application in the paper, and 
the proof uses quite lengthy combinatorics, we choose not to publish them. We hope these results 
will be useful in the future. 
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Then we must have 



Where 


• ys,i,j — 0 tj^s < ti^s- 

• ys,i,j € '^f tj^s ^ ^2,s- 

Remark 4.2. We remark that Proposition 4.1 effectively gives an “upper bound” 
for the shape of upper triangular torsion Kisin modules that we are studying (we 
mentioned about this “upper bound” in the Introduction of this paper). This 
is because for the matrices the elements that can vary are those ys,i,j when 
ij,s > and they can only vary in kE- We will need Section 5 to give precise 
meaning for the “upper bound”, see Proposition 5.9. 

Proof. From the proof of Proposition 2.3, we have 


Let Rs G GL(i(/c£)) such that 

. . jlt*''’"], 

and consider the equality 

Asip{Ts_i)Rs = TsXsRslu^'^’^. .. 

The i-th column on the right hand side is divisible exactly by u**-'*. Let ip{Ts_i) 


Ps-i + uPQs-i where Ps_i G GLd{kE),Qs-i G Matd(A:E|uPj|), so we will have 
M**’* II coli(AsPs_ii?s), unless if ti^s = P, then we only have \ co\i{AsPs-iRs)- 
However in fact, we still have || co\i{AsPs-iRs) by an easy determinant argu¬ 
ment. Then we can apply the following lemma (let X = Als[(ai)j^,..., (ad)^^], 
A = [(ai)s,..., {ad)s]Ps-iRs in the lemma ) to conclude. 


□ 



where X is an upper triangular matrix with coefficients in kE[u], such that 

• deg{xij) < tj, and 

• u** I coli{XA). 

Then we must have 



where 

• yi,j = 0 */ tj < ti, and 

• yij G kE iftj > U. 

Proof. We prove the lemma by induction on the dimension d. 

• We say that an upper triangular matrix X G Mat(/c£)|u]]) of the shape 


/ 



V 
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satisfies the property (DEG) if deg{xij) < < j. 

• If the conclusion of the lemma is satisfied, we say that X satisfies property 
(P). We also call Xij satisfies (P) for a single index {i,j) if Xij satisfies 
the conclusion of the lemma. 

The lemma is trivially true when d = 1. We want to remark here that when 
d = 2, the lemma is true by arguments in Theorem 7.9 of [GLS14]. However, here 
we give a general argument, which will work for all d. So now suppose the lemma 
is true when the dimension is less than d. We now prove it when the dimension 
becomes d. In order to do so, we first prove two sublemmas (Sublemma 4.5 and 
Sublemma 4.6), which are indeed special cases when the dimension becomes d. The 
reason that we are writing these two special cases first, is because they will make 
the general process much more transparent. □ 

Notations. We will use Mat(a;ij) to mean the matrix where the only nonzero 
element is its i-th row, j-th column element, and the element is precisely Xij. We 
hope this does not cause confusion. For a matrix H, we use Aij to mean the 
co-matrix of aij, that is, the matrix after deleting i-th row and j-th column of A. 

Before we prove the sublemmas, we make a useful definition. Let X satisfy 
(DEG). We call the following procedure an allowable procedure for X: 


X -^X' = X{Id - Mat(cij)), 


where 

• 1 < i < j < d are two numbers such that ti < tj , and 

It is easy to see that if we let A' = (Id—Mat(cij))~^A, then we have the following 
(note that the only change is the j-th column of X, and using that ti < tj) 

• X' still satisfies property (DEG). 

• X'A! = XA (so in particular \ co\i{X'A') if and only if u*’ | coli{XA) 
for each i). 

• X satisfies (P) if and only if X' satisfies (P). 

Remark 4.4. A very useful remark is that, when X satisfies (P), one can apply 
finite times of allowable procedures to change X to the diagonal matrix ,. •., . 

One can start by making Xd-i,d = 0 by letting 

X ^X{Id-Matiyd-i,d))- 

And then, one can consecutively make Xd- 2 ,d = 0, ...,xi_d = 0. Then one can 
change Xd- 2 ,d-i to 0, and so on. 

Sublemma 4.5. If td is maximal in {H,... ,td}, then X satisfies (P). 


Proof. Because 



\ u*'^-^ad-i,d + Xd-i,dad,d- 


So we have 
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Because deg{u*'‘-^ad-i,d + Xd-i,dad,d) < td, so ad-i,d + Xd-i,dad,d = 0. We 
claim that ad,d ^ 0. Suppose otherwise, then ad-i,d = 0. Since 

U I U (^d—2,d Xd—2,d—l^d—l,d Xd—2,d^d,di 

SO ad-2,d = 0- And similarly we will find ai^d = 0,V1 < z < d, which is impossible 
since A is invertible. 

So, now ad,d ^ 0, we must have 

Xd-\,d = u*'^-^yd-i,d for some yd-i,d G ks- 

Let 

X' = X{Id- Mat( 2 /d-i,d)), A' = {Id - Mat( 2 /d-i,d))“^A, 

so x'^_^ d = 0- Note that the above procedure is an allowable procedure, so we can 
and do assume our X already satisfies that Xd-i,d = 0. Then we have ad-i,d = 0. 
Since 


u*-* I u*'^-'^ad-2,d + Xd-2,d-iad-i,d + Xd-2,dad,d = u*‘'~^ad-2,d + Xd-2,dad,d, 


By similar argument as above, Xd- 2 ,d = 'a*'^~^yd- 2 ,d- And then we can change X 
to X' = X{Id — Mat(?/d_ 2 ,d)), and argue similarly as above. 

So in the end, we can actually assume that Xi^d = 0, Ui^d = 0 for 1 < z < d — 1. 
So we have 

0 \ / Xd,dAd,d 0 \ 

ad,d j V h<3<d-i xd-'^a,d,d ) 


f Xd,d ® ^ ^d,d 

0 J \ ad,j |i<i<d-i 


So we will have that \ co\k{Xd,dAd,d) for 1 < /c < d — 1. 
hypothesis, Xd,d satisfies (P), so X satisfies (P), and we are done. 


By induction 
□ 


Sublemma 4.6. Ifti is maximal in {ti, 

Proof. Now 

/ 

zz‘i I X 

V 

so we have | u*'^ad,i, and so 04,1 = 

2 < z < d. 

So 

XA-f (^ij)2<i<d W ai.i {ai,j)2<j<d \ _ f ^‘^ 01,1 zz*i(oij) + (a;i 

V 0 ^14 J V 0 ^ 1.1 / V 0 

Then we will have that zz*'=+i | colfc(Xi, 1 ^ 1 , 1 ) for 1 < fc < d — 1. So we can use 
induction hypothesis to see that Xi^i satisfies (P). What is left is to show that 
xi,j = 0 for 2 < j < d. 

Since now Xi^i satisfies (P), by Remark 4.4, we can apply finite steps of allowable 
procedures on X (these procedures do not involve the first column of X), so that 
Xi^i becomes a diagonal matrix. That is 


.. ,td}, then X satisfies (P). 

“ 1.1 \ 

ad.i / 

0. Then similarly we have = 0 for 


^ 1.1 = 


,idl 
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Suppose tki = max{t 2 , • ■ •, td\, so we have 


/'“i I X 


^ o-iM 

\ ^d,ki 


Because Xi^i is diagonal, it is easy to see that we must have Ui^ki = 0, for 
i ^ l,ki. So we now have 


I Xcolfci(X) 



( «l,fel \ 


/ u^'^ai^ki + xi^kittkiM \ 


0 


0 

(Xij) \ 

0 


0 

0 Wi,i ) 

flfcl.fcl 


u*'‘^aki,ki 


0 


0 


V 0 ) 


1 0 / 


Since coli(X) = (1,0,..., 0)^ and A is invertible, we must have aki,ki ^ 0, and 
so = 0. 

Now, suppose = max{{ti,..., td} — {ti, }}■ Then similarly we can see that 
®j,fc 2 = 0 for i 7 ^ l,fci,fc 2 - We must have ak^M ^ ^ because A is invertible. We 
have 


I + a;i.fc2afc2.fc2 = u*^ai.fc2 + 

and we can conclude that Xi^k 2 = 0- Argue similarly with consecutive next maximal 
elements in {<i,..., td] will show that Sij = 0 for 2 < j < d. 

□ 


Proof of Lemma 4-3, continued. So now, let us prove the general lemma. As¬ 
sume tk = maxjfi,... ,td}j by Sublemma 4.5 and Sublemma 4.6, we can assume 
1 < A: < d. So we have 


/ ai,fc 

M**” I X : 

V ad,k 

Then at k = 0 for k < i < d. So we have that 




/ 


v 






l^k 


( ai.fc 


\ ak,k 


Apply similar allowable procedures as in Sublemma 4.5, we can make Xi^k = 

0 , = 0 


XA = 


1 < i 

<k-l. 

So, 





0 

X 2 \ 1 

^ Ai 

0 

A 2 \ 

/ XiXi -I- X 2 A 5 

0 

ytk 

^3 

A 3 


A 4 = 

= - 1 -X 34 I 5 

u*'‘ak,k 

0 

X 4 / ' 

V As 

0 

Ae / 

\ X 4245 

0 


X 1 A 2 

U^'‘A4 

X 


So now, clearly we have that u*’ | coli(Xk,kAk,k) for 1 < i < fc, and 
cob_i(Xfc^fcAfe^fe) for k < i < d. By induction hypothesis, Xk^k satisfies (P). 
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What is left is to show that Xkj 
Sublemma 4.6. 


0 for j > k. It can be done similarly as in 

□ 


5 . C>£;-M0DULE structure of extension classes 

In this section, we prove that certain sets of extension classes have natural Oe- 
module structures, and that these structures are compatible with each other. Many 
results in this section are clearly valid for general K /Qp and any prime number p. 
But for our purpose, we assume throughout that K/Qp is unramified and p > 
2. However^ sometimes we specifically point out the assumption p > 2, just to 
emphasize the necessity. 

We want to remark here that this section is heavily influenced by the unpublished 
notes of Gee-Liu-Savitt ([GLS]). In fact, practically all the major definitions and 
results (in particular. Proposition 5 . 4 , Proposition 5.13 and Proposition 5 . 15 ) are 
taken directly from [GLS] (including the proofs). We want to heartily thank their 
generosity again. The notes [GLS] played a great and essential role in shaping the 
style of the main local results in Section 7, and in fact has corrected a quite serious 
mistake in an earlier draft of our paper. 

5 . 1 . Extension of Kisin modules and (</?, G)-modules. 

Definition 5.1. (1) sequence of morphisms m Modg^ .' 

is called short exact, if it is short exact as a sequence of &Oe- niodules. 

(2) A sequence of morphisms in Modg^ .• 

is called short exact, if it is short exact as a sequence of &OE^'^odules. 

(3) We can also define short exact sequences in ModS and ModS’^ analo- 

fcjg fcjg 

gously. 

Definition 5.2. (1) Suppose £, £' € Mod^^ . Let Ext(£',£) be the set of 

short exact sequences 0—>^91— the category Modg^ , 
modulo the equivalence relation as follows. Call 

0 ^ ^ ^ 0 

and 

0 ^ ^ 91(2) ^ 0 

equivalent, if there exists ^ : 9l(^) —>■ 9l(2) such that the following diagram 
commutes: 

0 -^ 91 ( 1 ) -£/ -^ Q 

0 -^ 91 ( 2 ) -£/ -^ Q 

(2) We can define similar Ext’s for pairs of objects in categories Modg’^ , 
Modg , and Modg ^ . 
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Remark 5.3. Indeed, when we define Ext’s in various categories, we should have 
added certain subscripts to distinguish the situation. However, in our paper, the 
category where we are taking Ext are mostly clear from the context. We do some¬ 
times add some subscripts (whose meaning will be obvious) to avoid ambiguity. 

Proposition 5.4 ([GLS]). The following statements hold. 

(1) Suppose £',£ € Modg^ , then Ext(£',£) has an OE-module structure. 

(2) Suppose £',£ G Modg^^, then Ext(£',£) has an Oe -module structure. 

(3) Supposep > 2, and both2',2 G Modg^ are crystalline, t/ien Extcris (£^ £) 

has an OE-module structure. Here, Extcris(£^£) Q Ext(£',£) consists 
of equivalence classes of short exact sequences where the central object is 
crystalline. 

(4) Suppose £ , £ G Modg^ , then Ext(£ , £) has a kE-vector space structure. 

(5) Suppose £ ,£ G Modg*^ , then Ext(£ ,£) has a kE-vector space structure. 

(6) Suppose £',£ G Modg^ , then the following natural map 

Ext(£',£)/wisExt(£',£) Ext(£',£) 

is an injective homomorphism of kE-vector spaces. 

(7) Suppose £',£ G Modg^ , then the following natural map 

Ext(£', hj/ujE Ext(£', £) Ext(S',S) 
is an injective homomorphism of kE-vector spaces. 


Proof. Proof of (1). Let d = rkig,^^Z,d' = . Let e = (ei,...,ed) be a 

fixed ©Og-basis of £, and let e' = {e'l,... , e(^,) be a fixed ©Og-basis of £'. 

For brevity, in the following, we simply use e, e' to denote the bases. Suppose 
(/9(e) = eA, (/9(e') = e'A', where A, JT G Mat(©c)E)) let B, B' G Mat(©c)E) such 
that AB = {E{u)Yld,A'B' = {E{u)YId. 

[a C \ 

Let M be the set of matrices in Mat(©c)g) with the shape ( ^ A' j 
there exits ^ ^ B' ^ ^ Mat(©c)E) sach that 

(A C B D \^( {E{u)Y 0 \ 

0 J 0 B' j 0 {E{u)Y ) • 

M has a natural O^j-module structure where 


a 


( ^ 

Cl ' 

\ uf ^ 

C 2 \ 

( 0 

A' 

)+M 0 



A aCi + bC2 
0 A' 


, Va, b G Oe- 


Define an equivalence relation in M such that 


A Cl 
0 A' 


and 


A C 2 
0 A' 


equivalent if there exists a matrix W, such that Ci — C 2 = WA' — AipfW). 

( A 

Let Mo be the subset of M consisting of elements equivalent to ( ^ 


are 


0 

A' 


One can easily check that Mq is a submodule of M. Let M = M/Mq. One can 
easily check that if we change e,e' to some other bases, we will get isomorphic M. 
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Now for X G Ext(£', £), choose a representative: 0—0. Take a 
section (of ©OE-modules) S£ : £' —)> Dd, then (e, Si[e')) forms a basis for 91. 

Then 


<p(e,S£(e')) = (e,S£(e')) 


-A 

0 A' 


for some matrix Cx,sx 


We define a map of sets F : Ext(£', £) —i> M by mapping x above to 

One can easily check that this map is well-defined, in particular, it does not depend 
on the choice of the short exact sequence for x, or the choice of the section sj. One 
can also easily check that this map is a bijection. So we can equip Ext(£',£) with 
an O^j-structure via that on M. 

Proof of (2). The proof is very similar to (1). We will give a sketch, since the 
ideas will be used later. 

Again, let e, e' be a basis of £, £' respectively, and suppose ip{e) = eA, (f{e') = 
e'A', g{l<Si^e) = {l<^^e)Xg, g{liSiipe') = where X' G Mat(.Rc>g), Vg G 

G. 

Let M be the set where an element m G M is a set of matrices 


[o A' )■ 


1 

^ A 

G ^ 

L / 


Eg \ 

rricp = ( 

V 0 


I , mg = 1 

V 0 

4 ) 


geG 

where C G o b )S Mat(i?c)E)j which satisfy the following conditions: 

B D 


(1) There exists 


0 B' 


G Mat(6c)E) such that 


A C 
0 A' 


B D 
0 B' 


{E{u)r 0 

0 {E{u)y 


(2) rug^g^ = 5i(mgJmgi,V5i,52 G G. 

(3) mgg{(p{mg,)) = (p{m^)(p{mg),Vg G G. 
Id 0 
0 Id 


(4) nih = 


, Vh G Hji- 


(5) Eg GMat((/+i?)oE),Vff gG. 

M has a natural G^j-module structure, where if G M, i = 1, 2 such that 


mW = 


( A 

G(d ^ 

i (i) / 

^ ^g 


[o 

A' y 

1 = ( 

V 0 

4) 


seG 


and if a, 6 G Oe, then define m = to be such that 


A aG(i)-f6G(2) 
0 A' 


Xg + 


0 


‘S WU.lg 

X' 


g&G 


Define an equivalence relation on M, where and are equivalent, if there 
exists a matrix W G Mat(6c)E), such that 
• G(i) - G(2) = WA' - Aip(W). 

. Eg'"^ - Ei^) = WX'g - Xgg{W),yg G G. 

Then let Mq be the submodule of M consisting of elements equivalent to mo, 
where 
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1 

^ A 

0 ^ 

\ 1 

^ ^9 

0 \ 


V 0 

y 

) [ 

V 0 

) 


Let M = M/Mq. One can show similarly as in the proof of statement (1) that 
there is a bijection between Ext(£', £) and M, and so one can equip an O^j-module 
structure on Ext(£', £). 

Proof of (3). Similarly as in the proof of (2), let e,e' be a basis of £,£' 
respectively, and suppose ^p{e) = eA, ip{e') = e'A' , r(l e) = (1 e)Xr^ t(1 
e') = (1 e')X^, where (by Theorem 1.7 and Remark 1.8) 

- Id € Mat(7^0g n {uPip{t)W{R)oE))- 


Let M be the set where an element m € M is a set of two matrices 


1 

^ A 

G ^ 

\ 1 


n \ 

= 1 

V 0 

y 

) , 1 


k) 


where C £ Mat)©©®),^,- £ Mat(7tc>j5), which satisfy the following conditions: 


(1) There exists 


B D 
0 B' 


such that 


(A C \( B D\^( {E{u)Y 0 \ 

A' )\Q B’ ) 0 (i?(M))’- ) ■ 


( 2 ) TnrT{(p{rn^)) = (p{m^)(p{mr)- 

(3) n £ Mat(77o^ O (uP(^(t)lE(i?)o^)). 

(4) g{mr) = for all g £ Goo such that ep{g) £ Z-°. 


Similarly as in the proof of Statement (2), M has a natural O^-module structure. 
Then we can similarly define an equivalence relation, and take the quotient M. 
Combining with Proposition 1.7 and Remark 1.8, we can show that there is a 
bijection between Extcris(£', .2) and M, and so Extcris(2', 2) has an 0_E-module 
structure. 

Proof of (4)(resp. (5)) is very similar to that of (1) (resp. (2)). 

Proof of (6). To prove Statement (6), we use notations in the proof of Statement 
(1). Suppose X £ Ext(2', 2) maps to 0 in Ext(2,2), then it suffices to show that 
X G loe Ext(2', 2). 


Suppose X corresponds to 


A C 
0 A' 


then 


A C 

0 a' 


is equivalent to the 


trivial extension in Ext(2,2). So there exists W £ Mat(©fcE) such that G = 

we have C — WA' — 

is in fact equivalent 


WA — Alp{W). Take any lift W £ Mat(©e)g) of W . Then we have G — WA' — 
Aip{W) = ujeP for some P £ Mat(©c)g). So ^ ^ 


0 


to 


A (jJeP 
0 A' 

Ext(2', 2). Suppose 


So now it suffices to show that 


A' 

A P 
0 A' 


is an element in 


[A ujEP\fB D \ {E{u)Y 0 \ 

\ 0 A' J \ 0 B' J 0 iEiu)Y ) ’ 
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then AD + ujePB' = 0. We have uje \ AD^ so we \ A'AD = [E{u)YD. Thus 
WE I D because we \ E(u)x in &Oe if only if we \ x. So now, we have 

(A P \ ( B D/we \^( {E{u)r 0 \ 

A' )\Q B' ) 0 [E[u)r ) ■ 

And so X & We Ext(£', £). 

Proof of (7) is similar to that of Statement (6). □ 

Remark 5.5. (1) Let &e = & <8)Zp E, then we can define a category Modg^ 

similarly as Modg^ . It is clear that if fOT £ Modg^ , then £ 

Modg^. 

(2) Given two modules £ £ Modg^, we can define the set Ext(£', £) simi¬ 
larly as in the category Modg^ , and we can similarly show that Ext(£', £) 
is an E-vector space. 

(3) We can also similarly define a category Modg^ and Ext in it. 

Lemma 5.6. Let (/ € R ®Fp ^e, and write it as ( = Vi ® where yi £ R, 
and Qi € kE are independent over Fp. Let 

vr{C) ■■= min{?;fl(yi)}. 

Then ve is a well-defined valuation on R(E)Wp kE (so in particular, it does not depend 
on the sum representing (). 

Proof. This is extracted from the proof of Lemma 8.1 of [GLS14]. □ 

Lemma 5.7. With notations in (CRYS), and suppose p is upper triangular. Then 

DJI is upper triangular, and there exists a basis {es,i} for DJI, such thatr^es) = egZs, 
and for each s, the matrix Zg satisfy: 

• Zg = (zg^ij) £ Mat {it/pRiSiFp kE) C Mat(i? 0^^ Le) is upper triangular. 

2 

• The diagonal elements satisfy VE{zs,i,i ~ 1) > 

2 

• The elements on the upper right corner satisfy VE{zg,i,j) > < j. 

Proof. This is again extracted from the proof of Lemma 8.1 of [GLS14]. □ 

Definition 5.8. Suppose (resp. Yti,Ylj) are rank 1 modules in ModS 

(resp. Modg^ ) for 1 < i < d,l < j < d'. 

(1) Let Fy 3 -shape(^£i, ■ ■ •, ) C £{Dfld, ■ ■ ■ be the subset consisting of ele¬ 

ments DJI such that there exists a basis Eg ofDJlg, (p(es_i) = EgAg, and Ag 
is of the shape in Proposition /.I for each s. 

(2) Suppose 911 £ F^_shape(91d,---,91i),91t' £ F,p_shape(91dG ■ • ■, ^i)- Define 
Ext<p_shape(9Jl, 911^) C Ext(911,911^), where X £ Ext(911,911^) is m Ext,p_shape(911,911^) 
if there exists a representative of x: 0 ^ DJI 91 —?> 971 ^ 0, such that 

91 £ F<p-shape(91^. .., 91^91^,,.. _ 

(3) Let F(,p,T)-shape(^(i) ■ • ■) C £{Dld, •.., 91i) be the subset of consisting of 

elements 971 such that there exists a basis Eg of 971^ such that 

• Lp{Eg-i) = EgAg where Ag,\/s is of the shape in Proposition /.I. 

• ^(l Eg) = (1 0,p Eg)Zg, where Zg,ys is of the shape in Lemma 5.7. 
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(4) De/?ne Ext(^ T-)_shape( 2 n, StJt) similarly as (2). 

Proposition 5.9. With notations in Definition 5.8, we have the following. 

(1) Ext^_shape(9K, ) is a sub-vector space o/Ext(S[Tl, 9JI). 

(2) Ext(^ T-)_shape( 2 n, OJl ) is a sub-vector space o/Ext(9Jt, M ). 

Proof. For (1), from the proof of Proposition 5.4, Ext(9Tt, 971 ) is bijective with some 
vector space M (the definition of M is obvious, which we omit), and Ext^_shape(97l, 97t ) 
correspond to the subset of M consisting of elements x € M which has a represen¬ 
tative of the shape in Proposition 4.1, and these elements clearly form a sub-vector 
space. Note that the existence of the representative is not necessarily unique, but 
it does not affect our result. 

The proof of (2) is similar. □ 

5.2. Extension of representations. Now we consider extension of representa¬ 
tions. 

Let H he a, topological group, and let A be a topological ring with trivial H- 
action. Let Li,L 2 be two hnite free A-modules with continuous A-linear iJ-action. 
Define Ext//(L 2 ,Li) to be the set of short exact sequences of Hnite free contin¬ 
uous 7L-representations over A, 0 ^ Li —>■ ^ L 2 —t 0, modulo the obvious 
equivalence relation. Then Ext^f(L 2 ,Li) is in bijection with the continuous group 
cohomology Hom^(L 2 , Li)), which has a natural A-module structure be¬ 

cause HomA(L 2 ,Li) is an A-module. 

Now let T be an (!7£;-representation of the Galois group Gk- Let V = T ®Oe 
and T = T/ujeT. We have the natural C7£;-linear maps: 

77 : H\Gk,T) ^ H\Gk,V), 6 : H\Gk,T) ^ H\Gk.T). 

Also note that the map H^{Gk,T)/ojeH^{Gk,T) H^{Gk,T) is injective (by 
using the long exact sequence of Galois cohomologies associated to the short exact 
sequence 0 —>■ T T —>• T ^ 0). 

Lemma 5.10. 

(1) The kernel of rj : H^{Gk,T) H^{Gk,V) is H^{Gk,T) tor which is the 
submodule consisting of elements killed by a power of uje- 

(2) H^Gk^T) E ^ {H\GK,T)/H\GK,Tf,r) ^Oe E H\Gk.V) 

(3) When T is upper triangular, i.e., T G £{Xi, ■ ■ ■ ,Xd)y where Xi are charac¬ 
ters, and Xj 7 ^ Id, then iL^(G_ft:, T)tor = { 0 }. 

Proof. (1). If CT G H^{Gk,T) maps to 0 in H^{Gk,V), then a{g) = gm — m for 
some m gV. If lo'fm G T, then oj'^a = 0 in H^{Gk,T). 

(2) . Any cocycle in H^{Gk, V), multiplied by ix'f. for n big enough (using that 
Gk is finitely generated), will be in H^{Gk,T). 

(3) . Suppose otherwise, namely, there is w^-torsion. Suppose a G H^(Gk,T) 
is killed by then ujE<x{g) = gm — m for some m G T such that m ^ coeT. 

So gm — m G uJET,'ig. This is equivalent to say that {g — l)m = h,'ig. But 
this is impossible, since T is upper triangular and has no trivial character on its 
diagonal. □ 

Definition 5.11. (1) Suppose V is a crystalline representation, then let 

HjfGx, V) := KeT{H^{GK, V) — H^{Gk, V (Dq^ Boris)), 
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which is an E-vector space that classifies crystalline extension classes (see 
e.g., 1.12 o/ [Nek93]/ 

(2) Suppose V is a semi-stable representation, then let 

HliGK,V) := KeT{H\GK,V) ^ H\Gk,V 

which is an E-vector space that classifies semistable extension classes (see 
e.g., 1.12 o/[Nek93]J. 

(3) Let Hj{GK:T) := r/~^{Hj{GK,V)), which is an Oe- module. 

(4) Let Hg{GK,T) •.= ■q~^{Hg{GK,V)), which is an Oe- module. 

By the above definition, we can define 

Definition 5.12. (1) Let Vi,V 2 be two crystalline E-representations of Gk, 

then define 

Extcris(^2,kh) := H}{GK,ilomEiV2,Vi)). 

(2) Let Ti,T 2 be two crystalline Oe- representations of Gk, then define 

Extcris(T2,ri) := Hj{GK,Bomo^iT2,n)). 

(3) De/ine Extst(V 2 , El) and Extst(22, ^i) similarly. 

5.3. Prom extension of modules to extension of representations. In this 
subsection, we establish the relation between the extensions studied in the previous 
two subsections. 

Proposition 5.13 ([GLS]). (1) For£',£€ Modg^ , Ext(£',£) ^ ExtG„„(T©(£), T©(£')) 

is a homomorphism of Oe- modules. 

(2) For £',£ G Modg^^, Ext(£',£) —>■ Extc^(P(£), P(£0) a homomor¬ 
phism of Oe- modules. 

(3) Suppose p > 2, and both Z',2, G Modg^ are crystalline, t/ien Extcris(£^ £) —>■ 

Extcris(’?s(£), T'e(£0) ® homomorphism of OE-modules. 

(4) For £',£ G ModS , Ext(£',£) Extc^o (T’e(£), T'6(£^)) is a homomor- 
phism of kE-vector spaces. 

(5) For £',£ G Modg*^ , Ext(£',£) ^ Extc^(P(£),T'(£ )) is a homomor- 

^E 

phism of kE-vector spaces. 

Proof. We only prove (1), the other statements can be proved similarly. We will 
freely use notations in the proof of Statement (1) of Proposition 5.4. Let e, e' 
be a fixed basis of £, £' respectively. Suppose x G Ext(£',£), take a representa¬ 
tive of short exact sequence, 0—>'£—!>01—>■£'—)> 0, and take a representative 

^ G M, which corresponds to a section sc ■ 2' ^ 91. We also get the 

corresponding short exact sequence Tq{x) ■. Q^L'^N^L^Q. 

Let h G L, and set up the following matrix equation in W{R), with ah,c a row 
of indeterminates (in total d' indeterminates, where d' = rk(£')): 

F{cth,c) = h{e)C -I- ah,cA'. 

The equation is always solvable by Lemma 2.7 of [Carl3], although the solution is 
not necessarily unique. However, since L is finite free over Oe, we can always fix a 
system of solutions which is linear with respect to h, i.e., 

0iahi+bh2,C = aah^^c + bah2,C,'^a, b G Oe, hi, h2 G L. 


(AG 
V 0 
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Now define an element F{h, C) G N such that 


The map h i—> 
ilomoE{L,L') by 


F{h,C) : 


e M- h{e) 
sc(e') ah,c 
F{h,C) defines a section L ^ N. 


Now define c : Goo —>■ 


g^{h^go[F{h,C)]-F{goh,C)}, 

where h G L, go is the Galois action (on L or N). It is precisely the cocycle 
associated to the extension O^L'^N^L^Q. 

Now, take two extensions ii,i 2 G Ext(£',£), which correspond to 

respectively. As above, we can fix ah,Ci which are each linear 
with respect to h. And now define 


and 


A C 2 
0 A' 


A Cl 
0 A' 


Olh,aCi+bC2 =■ O-Oihfii + bah^C2- 

We need to verify that the cocycle c is “additive” with respect to C, that is 


ag o [F{h, Ci)] — aF{g o h, Ci) + bg o [F{h, € 2 )] — bF{g o h, C 2 ) 

= go [F{h, aCi + 6 C 2 )] — F{g o h, aCi + 6 C 2 ). 

Since both sides of the above formula are in L', it suffices to verify their values 
on liftings of e'. 

F{g o h, aCi + 6 C 2 ) is linear by our definition of ah,aCi+bC 2 - That is, 

F{g o h,aCi + 6 C' 2 )|s„ci+bC 2 (e') = ^^(9 ° h, Ci)\s^^,^e') + bF[g o h,C 2 )\sc^(e')- 

To verify on {g o [F[h,aCi + bC2)]}\s^ci+bC2i<^')^ 
invariant subspace in and so 

{g o [F{h,aCi + bC 2 )]}\s,c^+,cA<^') = 9 ° {[F{h,aCi + bC2)]\s,c^+,cA<=')^- 

□ 

In order to prove our next proposition, we need to briefly recall some notations. 
Let Sko '■= S ®w(fe) A'o and let FiP Skq •= FiP S ®w{k) Ko- Let be 

the category whose objects are finite free Sko -modules T) with: 

( 1 ) a -semi-linear morphism Lp-D : ^ 2 ? such that the determinant of 

ipT> is invertible in Skq', 

(2) a decreasing filtration {Fil* X>}igz of S'iCg-submodules of V such that Fil° T> = 
V and Fir Sko FiL V C Fir+^ V; 

(3) a A"o-linear map N ■. V ^ V such that N{fm) = N{f)m + fN{m) for all 
/ G Skq and m gV, Nip = pipN and A^(Fir V) C FiP”^ V. 

Morphisms in the category are -linear maps preserving filtrations and com¬ 
muting with ip and N. And we can naturally define short exact sequences in the 
category. 

We denote MF^'^F) category of filtered {ip, A^)-modules, and MF^^F)-vj-b- 
the subcategory of weakly admissible modules. The definitions of these categories 
are omitted, and can be found, e.g., in Subsection 6.1 of [Bre97]. 

Theorem 5.14 ([Bre97] Theorem 6.1.1, [LiuOS] Corollary 3.2.3). 
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(1) There is a functor: T> : —>■ which is an equivalence of 

categories. And the equivalence and its inverse are both exact. 

(2) Let denote the essential image of the functor D restricted to 

f^p{v,N)-vr.a.^ i/ien T> induces an equivalence of categories: 

and the equivalence and its inverse are both exact. 

(3) With notations in Statement (3) of Theorem 1.3, suppose D is the filtered 
(ip, N)-module associated to V, then there is a canonical isomorphism 

Sko ®(^,e 9^ — Sko '^Ko D ~ T>{D), 

which is compatible with ip,N and filtrations on both sides (we omit the 
definitions of these filtrations). 

Proposition 5.15 ([GLS]). Suppose p > 2. Let £,£' G Modg^^, L = T{Z),L' = 
T{Z'), and V = L ®Oe ®Ob Then the following hold. 

(1) We have the following isomorphisms of E-vector spaces: 

E ®Oe Ext(£',£) ~ E ®Oe Extst(E,E') Extst(E, V). 

(2) If both V,V' are furthermore crystalline, then we have 

E ®Oe Extcris(£', SI) ~E ®Oe Extcris(E, L') ~ Extcris(E, V). 

Proof. Clearly we have E ^oe Ext(L, L') = Ext(P, P'). Now Extst(E, E') is the 
preimage of Extst(E, E') in the map Ext(L, E') —> Ext(E, E'), so we have E iSioe 
Extst(E,E') = Extst(EE'). 

Now we claim that the map Ext(£',£) —)■ Extst(E,L') is injective. To prove the 
claim, suppose x G Ext(£',£) maps to 0. Take a representative ofi:0—>'£—>' 
01 —^ > 0, and suppose that it maps to 0 —> L' —>■ iV —>• L —> 0. Since x maps to 

0, so we have the following equivalence of extensions: 

0 - L' -^ N -^ L -^ 0 

0 - L' - L'®L -^ L -^ 0 

where the bottom sequence is the split exact sequence. Since T is fully faithful, 
there exists (3 such that the following diagram is commutative. 

0 -^ ^ Tl -^ S’ -^ 0 

P 

0 -^ £ -)■ £©£' - S' -^ 0 

where the bottom sequence is the split exact sequence, and so i = 0 in Ext(£', £). 

So, in order to prove E ®Oe Ext(£', S) = E ®Oe Extst(T, L'), it suffice to show 
that for any x G Eyiist{L,L'), there exists some positive integer m, such that 
p'^x G T(Ext(£', £)). Take a representative in x, 

Q^L'^N^L^Q. 
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By full faithfullness of T, we will have a sequence 

The sequence £ is left exact by Lemma 2.19 of [Liul2], but it is not necessarily 
exact (i.e., £ is not necessarily in Ext(£', £)), because the inverse of T is not exact. 

However, we claim that the following sequence is short exact (note that the 
following sequence is by tensoring over ©, i.e., we are treating the modules £, 91, £' 
in Modgf^ as modules in Modg^, but it does not affect our result): 

0 —>■ <S'[—] 0© M ^ '^[~] M ^ ip ^ ^ 0- 

p p p 

This is because of the exact equivalences in Theorem 5.14, and the above se¬ 
quence corresponds to the short exact sequence of semi-stable representations 

0 —y ®Oe ^ ^ ^ ®Ob ^ ^ ^ ®Ob ^ ^ 

Now, since 6[i] fl (5'[i])^ = (S[i])^, one can easily deduce that 

£[-]: 0^£[i] ^£'[i] ^0 

P P P P 

is short exact. 

The above short exact sequence is an element in Ext(£'[i], £[i]) (see Remark 
5.5). Note that we have p > 2, by Lemma 1.6, this element in Ext(£'[i], £[^]) is 

determined by two matrices G Mat(6 0Zp E) and Mr G Mat(.R 0Zp E). Both 
Mtf, and Mr are block upper-triangular. So for m big enough, p™ times the upper 
right corner of M^p will fall in ©o^! p™ times the upper right corner of Mr will 
fall in Roe- Which is the same to say that p"*i G Ext(£', £). And we are done for 
the proof of Statement (1). 

The proof of Statement (2) (the crystalline case) is similar to Statement (1). □ 

6. Two CONDITIONS ON UPPER TRIANGULAR EXTENSIONS 

In this section, we prove two useful propositions, which will be used in our 
crystalline lifting theorems. The first one is about restricting group cohomology 
from Gk to Goo, the second one is about equip r-actions to modules in Mod£ 

The results in this section are valid for any finite extension K/Qp with p > 2. 

Proposition 6.1. Let : Gk k^,l < i < d be characters, such that C,^ ^ 1 
or Sp, where 1 is the trivial character and Sp is the reduction of the cyclotomic 
character. Suppose W G £’gk(Cij ■ • ■ i Cd)i then the restriction map 

H\Gk,W)^ H\Goo,W) 

is injective. 

Proof. The proof imitates that of Lemma 7.4.3 of [EGS14]. We write it out in more 
detail, for the reader’s convenience. Recall that K = Kp^^oo, G^ = Gal(i£/Ar), 
G = Gal(/£/Ar) and Gpoo = Gal(i£/Arpoo). To prove that iL^(Gif, W)—>■ i7^(Goo, W) 
is injective, it suffices to show that the composite 

H\Gk, W) ^ i7i(Goo, W) ^ H\Gji, W) 
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is injective. By inflation-restriction, it suffices to show that = 0. 

Denote Wi = ^ by inflation-restriction, we have 

0 ^ H^{Gal{Kp^/K),W2) ^ H^{G,Wi) H^{Gp^ 

Where W 2 = yyf = ^Gai(:^/Kpoo) ^ inflation-restriction, 

0 -> II^(Gal(K(f,p)/K),W3) ^ ff\Gal(Kpo./K),W2) 

{GaliKpo./K{np)), . 

Where W 3 = So now, it suffices to prove 

that iJi(Gal(iirp=o/ii:(^p)), = 0 , H\Gal{K{^ip)/K),W 3 ) = 0 and 

= 0 . 

(1) . To show that H^{Ga\{Kpoc=/K{fj,p)),W 2 )^’^^^^^^p^^^^ = 0, note that 

Ga\{Kp^/K{fip)) ~ Zp is abelian, so the action of Gal(it'poo/iir(/rp)) on W 2 is via 
a sum of characters. For 9 : Zp ^ a character, H^{Zp,d) = 0 unless 9 is the 
trivial character. So H^{Ga\{Kp^/K{iip)), ^ 0 only if there exists 

0 ^ V G which is impossible, since we can easily show that = 0. 

(2) . It is easy to show that i7^(Gal(iF(^p)/iir), W 3 ) = 0, using that Ga\{K{fip)/K) 
is a subgroup of . 

(3) . To show iJ^(Gp=o, = 0, note that Gpoo ~ Zp, so the action 

on Wi is abelian. For 0 : Zp —>■ a character, H^{Zp,9) ^ 0 only if 9 is the 

trivial character. So if iJ^(Gpoo, ^ 0, there exists 0 7 ^ w € IFi 

which generates a trivial character of Gpoo, i.e., e G tFGai( a/A poo) ^ such that 
Gal(/Fpoo/iir) acts on • e via the cyclotomic character. That is to say, Ep C IT, 
contradiction. □ 

Condition (C-2A) Let Ci : Gk —t < i < d he characters. We call that 

the ordered sequence (Cij.-.jCd) satisfies Gondition (C-2A) if ^ 1 or Ep, 

for all i < j. When (Ci,..., Cd) satisfies (C-2A), for any p G F(Ci, ■ • ■, Cd); 
also call p satisfies (C-2A). By Proposition 6.1, when satisfies (C- 

2A), then for any 1 < i < d, and any IT G F(Ci Ci-i-iJ ■ ■ ■; Ci Cd)i map 
H^{Gk,W) —i> H^{Goo,hV) is injective. 

We define another condition for our next proposition, which is a direct general¬ 
ization of Lemma 8.1 of [GLS14]. 

Condition (C-2B) Let (91i,..., Old) be an ordered sequence of rank-1 modules in 
Modg^ . We call (Oli,... ,01d) satisfies Condition (C-2B), if there does not exist 
i < j, such that the Kisin modules 

Olj = 911(0,... ,0;ai), 91^ = 911(p,... ,p;aj) 

for some ai,aj G k^. When (91i,..., Old) satisfies (C-2B), then for any 911 G 
F(01d,... ,01i), we also call OH satisfies (C- 2 B). 

Proposition 6 . 2 . Suppose 

^ ^ ^(ip,T)—shape ( 01 p,..., 01 i), £ 

^ shape (Old, ■ • ■ , ^r-l-l), 
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where 1 < i < d are rank-1 modules in ModS’^ such that the ordered se- 

_ " — SfcE 

quence (9Ti,..., 01^) satisfies Condition (C-2B). Then the following map (forget¬ 
ting the T-action) 


-;-J_shape('^ ;^ Ext(^_shape('^ j 
is a kE-linear homomorphism, and it is injective. 

Proof. The map is clearly fc^-linear. To prove injectivity, suppose given two ele- 
ments in Ext,p^ 7 -_shape(i^ ? ^)- 0 —t —y i)Jl —y —y 0 and 0 —)■ ^ —y DJI —y 
£ —> 0, such that there exists f, and the following diagram is commutative 

0 -S' £ -^ -S' 2' -^ 0 

I II ’ 

0 -^ ^ ^ 2' -^ 0 

then we need to show that the following diagram is commutative: 

- -^( 1 ) 

0 -;■ £ - m -^ ^ 0 

? 

- —( 2 ) -/ 

0 -s- £ - m -^ ^ 0 

where f is the natural extension of f. 

One can easily check that it suffices to prove the following lemma to conclude. □ 

Lemma 6.3. Let DJI € T:p-shape(Dld, ■ ■ ■ ,Dli), such that the ordered sequence (Tti,..., 
satisfies Condition (C-2B). Let 

• As & Mat(fe£|M|), 0 <s</— 1 he a set of matrices for ip-^ of the shape 
in Proposition j.l, and 

• Zs, Z( € Mat(i? ( 8 )]Fp kE) he a set of matrices of the shape in Lemma 5.7. 

If we have 

• Zs+iT{ip{As)) = ip{As)ip{Zs),ys, and 

• ^'+ir((^(Aa)) = ip{As)p{Z's),'is. 

Then Zg = Z's,\/s. 

Proof. The proof is a straightforward generalization of Lemma 8.1 of [GLS14]. For 
the reader’s convenience, we sketch the proof. 

Just as in the proof of loc. cit., we can expand out the matrix equation 

Zs+it{(p{As)) = (p{As)ip{Zs), 

and then one can easily see that the diagonal elements Zspp are uniquely deter¬ 
mined. Then, one can argue as in the same fashion as in loc. cit., that Zs,i,i+i are 
uniquely determined (so long that Condition (C-2B) is satisfied). Then similarly, 
we can show that Zs,i,i+2 are uniquely determined, and so on for all elements in Zg. 

□ 
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7. Main local results: crystalline lifting theorems 

Before proving our crystalline lifting theorems, we introduce some useful defini¬ 
tions. 

Definition 7.1. (1) Suppose £,£' G Modg^ , where rk(£') = l,rk(£) = d — 

I, and £ G £’(51^,..., Dl 2 )- Suppose £' = S[ll(ti,o, ■ ■ ■, ui), = 

■ ■ ■ Ttij-i] ai),y2 <i<d are rank-1 modules as in Definition 1.10. 

Then define 

dcris(£, £') = card{(*, s)|2<z<(i, 0<s</-l, U^s > ti.s}- 

(2) Define dcris for similar pairs in Modg^ , Modg^ , Modg^ analogously. 

(3) Suppose p, p' crystalline E-representation ofCx, with dim^ p = d—1, dim^ p' = 
1, and p G £{x‘2, ■ ■ ■ ,Xd)- Suppose HTs(p') = tys, HTs(xi) = Then 
define 

dcris(p', p) = card{(i, s) \ 2 < i < d,0 < s < f - 1, U^s > ti.s}- 

Remark 7.2. It is clear that these definition of dcris are compatible with each 
other, i.e., the following statements holds: 

(1) Suppose £, £' G Modg^^ as in Statement (1) of Definition 7.1, then dcTis{12, £') = 

dcris (£,£')■ 

(2) Suppose £, £' G Modg^^ are crystalline, where rk(£') = 1, rk(£) = d — 1 
and £ is upper triangular. Let p = T(£) ®Oe = T{t') ®Oe ^ be the 
associated crystalline representations. Then dcris(p^p) = dcris(’C, •20- 

Remark 7.3. With notations in Statement (3) of Definition 7.1, we have dcris(pO p) = 
dims Extcris(pO p)- See e.g., Proposition 1.24 of [Nek93]. 

7.1. First crystalline lifting theorem. 

Theorem 7.4. Suppose fOt G £^(,p,r)-shape(^rf, • ■ • , where 01^ = ..., tij-i;ai) 

are rank-1 modules with ti^s G [0,p], VI < i < d, 0 < s < / — 1, and ti^s tj^fili j. 
Suppose the following assumptions are satisfied: 

(1) For any 1 < i < j < d, there is no nonzero morphism Olj —>■ 2fli. 

(2) SUl satisfies Condition C-2(B). 

Then iXH has a lift fOl G Modg^ which is crystalline and upper triangular. 

Proof. We prove by induction on d. The case d = 1 is trivial from Proposition 1.11. 
Suppose the theorem is true for d — 1, and we now prove it for d. 

Suppose M G Ext(^_^)_shape(^ 2 ,f^i), where TI 2 G fv:,,r-shape(%, • ■ ■,%) is of 
rank d — 1, and OTi is of rank 1. We denote 

dcris := dcris(21i2, fHl). 

Because of assumption (2), by Proposition 6.2, we have the injective homomor¬ 
phism 

Ext(^_^)_shape(i^2,®tl) ^ Ext,^_shape(91t2, SHl). 

And because of assumption (1), by Proposition 5.9 and the definition of Ext(^_shape, 
Ext,p_shape(91^2,21ii) is a /c£;-vector space of dimension at most dcHs- So we have 
that Ext(c^_T-)-shape(^ 2 ,is a fc^-vector space of dimension at most dcHs- 
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By the induction hypothesis (for OT 2 ) and Proposition 1.11 (for OTi), we can 
take upper triangular crystalline lifts DJli, of DJli, 21 I 2 respectively. So we have 
the natural map by Proposition 5.13: Extcris(®^ 2 ,^ 1 ) —t Extcris(T'(^i),'^’(^ 2 )), 
which, by Proposition 5.15, becomes an isomorphism after tensoring with E, 


Extcris(OT2,®tl) (glOE ^ - Extcris(T'(®ti),f (M 2 )) (8)C>e -E 

~ Extcris('P(Mi) 0C>E (8 >Oe ^)- 

By Remark 7.3, we have 

dim£;Extcris(^(OTl) E,f{Wl2) 0 Oe = dcTis{f(Tli) <^Oe E,T(OT2) 0Oe ^)- 

Which, by R, 6 m&-rk T.2, ccjuSjIs to dcris(*^^ 2 ; — dcris ■ So dimExtcris (-I-II 2 f iUll) ^Oe 

E = dcris- Thus the Os-free part of Extcris(^ 2 ) ^ 1 ) has rank equal to dcris- 
Now the image of the following injective homomorphism 

Extcris(M 2 ,Ml)/wS -t Ext (M 2 , Ml) 

falls into Ext(,^^T-)_shape(^ 2 ,Mi) by Corollary 5.10 of [GLS14]. So we have the 
following injective homomorphism 

Extcris(M 2 ,Mi)/a;s Ext(,^_^)_shape(^ 2 , Mi) 

Now, the left hand side has /cs-dimension at least dcris, and the right hand side 
has fcs-dhnension at most dcris- So in fact, the above homomorphism is an isomor¬ 
phism, which means that every extension in Ext(,^ T-)_shape(^ 2 , ^ 1 ) has an upper 
triangular crystalline lift. And we finish the proof for d. 

□ 

7.2. Second crystalline lifting theorem. In order to prove our second crys¬ 
talline lifting theorem, we need to introduce some definitions. We could have de¬ 
fined them earlier, but we did not need them until now. 

Definition 7.5. Let M g Mod« be rank 1 modules. Let 

CfcE 

be the set consisting of sequences m'^ = (Mi_ 2 , Mi, 2 , 3 , ■ • ■, where 

• Mu 2 e Ext,^^hape(9T2,9Ti), and _ _ 

• inductively, Mi, 2 ....,j-i-i G Ex^_shape(5d*+i, Mu 2 ,...,i):^2 < f < d - 1. 

Denote M = Mi_...,d G £{‘‘yid, • ■ •, Mi). ITe say that M = (Mi_ 2 , Mi^ 2 , 3 , ■ • ■, Mi_,,,^d) 
gives a “successive Ext structure” to M. 

Remark 7.6. (1) There is a natural “forgetful” map of sets: 

shape (%,...,Til) (Old,...,Ml), 

where m'^ i—M. The map is clearly surjective. 

(2) It is easy to see that when d = 2, we have the following natural bijection 

C-shape(^ 2 , Til) = Ext,^_shape(TI 2 , Til ) . 

In particular, £'^_siiape(Tl 2 , Tli) is endowed with a natural /c^j-vector space 
structure. But when d > 3, we no longer have similar result. 


32 


HUI GAO 


Definition 7.7. Suppose = ( 9 ^ 1 , 2 , 2 )Ti, 2 , 3 , ■ ■ ■, e f °_shape(^d> ■ ■ ■, 9ti) 

as in Definition 7.5, G Modg^ a rank 1 module. 

Let Ext^_shape(®^ j9Jt) he the set consisting of ( 9 Jli^ 2 , ■ ■ ■, £), where 

£ G Ext^_shape(®t',9)ii„„,d). 

Remark 7.8. (1) It is clear that there is a natural bijective map: 

Ext^_sjj3^pg(9Jl , 9Jt ) —>■ Ext(^_shape(9Ii, 9Jl), 

by sending ( 9 £i, 2 , • ■ •, £) to £. So in particular, Ext°_sijape(®^'^i 

has a A:£;-vector space structure. 

(2) In the category Modg^ , we can define similar sets r)-shape(^<i’ • ■ ■ > ^i) 
and Ext^ shape(^°,^V 

We can define similar D-extensions for representations, but we need to reverse 
the orders, so that it will be compatible with the D-extensions for modules. 

Definition 7.9. Let 1 = Gk or Goo, let Xi,l < i < d be some (kE or Oe)- 
characters of ?. 

(1) Let £9{xi,---,Xd) be the set of sequences = {pi, 2 , Pi, 2 , 3 , ■ ■ ■, Pi,...,d) 
where 

• Pi ,2 G Ext 7 (xi,X 2 ), and 

• inductively, pi,...,i+i G Ext?(pi,...,i,Xi-i-i)- 

(2) Suppose p^ = (pi, 2 , Pi, 2 , 3 , ■ ■ •, Pi,...,d) as above, and p' a eharacter of 7, then 
let Ext!r(p', be the set consisting of {pi^ 2 , Pi, 2 , 3 , ■■■, Pi,...,d,r), where 
r G Ext 7 (p',pi,,,,,d). 

Theorem 7.10. LeGiSl G ..., 9li) where’ll = M{ti^o,... ,Uj-i; a^) 

with ti^s G [0,p],VI < i < d,0 < s < / — 1 such that ti^s 7 ^ tj^fi/i 7 ^ j. Let 

Xi = T(fifli), and fix Xi a crystalline character which lifts Xi and HTs(xi) = {ti,s}- 
Suppose the following assumptions are satisfied: 

(1) {xi, ■ ■ ■ ,Xd} bas a unique model with respect to {colo(WT(9Jl)),..., col/_i(WT(9Jt))}, 
where we regard cols(WT(91l)) as an (unordered) set of numbers for all s. 

(2) fp := T(o{7ffl ) satisfies Condition C-2(A). 

Then there exists a 

G £GK,cris(Xl) ■ • ■ ,Xd) 

such that 

• fj'^ = fP as elements in (xi , ■ ■ ■ ,Xd) (aot just fi' ~ p^, and 

• HTs(p') = cols(WT(9)I)) as sets of numbers. 

Proof. We call (SI) is true if the statement in the theorem is true. We call (S2) is 
true if the following natural map of sets is injective (note that here injective means 
same image implies same preimage) 

(Map-S2) : £:°_ghape(%,... ,^i) ^ ^gJXi,- • -.Xd), 

where for brevity, we write £g„,{Xi, ■ ■ ■ ,Xd) to mean £g„^{Xi |Gcx,> ■ ■ ■ ,Xd |Go„)- 
We prove (SI) and (S2) at the same time by induction on d. We first prove for 
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d = 2. Note that in this case, since £’P(*, *) = Ext?(*, =i=), we actually do not need 

_ _ _ 

Suppose sk G £^(,^,r)-shape(^ 2 ,^i), P G Extc^^(pi,P 2 )i ^nd denote pi,p 2 the 
crystalline liftings of Pi,P 2 respectively. (The change of notations from Ofi to 
dJli, and from Xi to pi is convenient for the induction process.) Denote dcris = 
4ris(M2,Mi). 

Consider the following composite of homomorphisms: 

/ : Extcris(/Ol,P 2 ) ^ Extcris(pi,P 2 )/w£; ExtGK(PliP 2 ) ^ ExtG„„(Pi,P 2 )- 

Where the last map is injective because of assumption (2) and Proposition 6.1. 

By Proposition 5.15, Extcris(pi, P 2 ) ®Oe E = Extcris(pi ®Ob E,P2 ®Oe E), and 
Extcris(pi C>c>E E, p2 ®Ob E) has E-dimension equal to (icris(pij P2) = dcHs- So the 
Ofi-free part of Extcris(pi, P 2 ) is of rank dcris- So we have 

dimfcj5(Im(/)) > d 

cris- 

Now let Extg)^ (pi, P2)[WT(0JI)] be the subset of ExtGoo(pi,P 2 ) where 0 —>■ P 2 ^ 
f ——>• 0 is in ExtG)^(pi,p2)[WT(9Jl)], if there exits W crystalline such that 

• HTs(lE) = cols(WT(911)) as sets for all s, and 

• W f. 

Remark that it is not clear from the definition if ExtQ)^(p]^,p2)[WT(9}l)] is a 
sub-vector space of ExtG„o (Pi, P 2 )- We have Im(/) C ExtG)^(pi,p2)[WT(9Jl)], and 
so we have 

(lower bound) card(ExtQ)^ (p;^, p2)[WT(91l)]) > 

Now consider the homomorphism 

g : Ext,^_shape(®l2,®ti) -)• ExtG„„(Pi,P2)- 

Suppose Xf ■ 0 —> P 2 —>■ r p;^ —>• 0 is an element in ExtG(^(pi,p2)[WT(9Jt)], 
then there exists crystalline W such that W Ig^^— r. Let £ be the associated 
module in Modg^ . Then by Lemma 4.4 of [Ozel3], there exists a sequence : 
0 —>■ £1 ^- £ —>■ £2 —>■ 0, such that Te{x-^) = Xr- Note that we have £ G 
Ext,p_shape(£ 2 , £ 1 ) by Proposition 4.1. However, because of assumption (1), we 
must have £i = = 1,2, and so £ G Ext,p_shape(S!ll 2 , OJli). 

The above argument means that we must have Im(p) D ExtG)^(pi,p2)[WT(9Jt)], 
and so, 

(upper bound) card(ExtG)^(pi,p 2 )[WT(®l)]) < 

Combining the lower bound and upper bound we obtained above, we must have 
card(Extg^(pi,P 2 )[WT(M)]) = 

and so 

Im(/) = Extg)^(pi,p 2 )[WT(an)] = Im(p). 

Now, we can prove (SI) for d = 2. Since p |gooG Ini(p), so p |gooG 
i.e., there is an upper triangular crystalline lifting p' G Extcris(pi, P 2 ) such that 
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P' IGoo= P- However, we must have p' = p as elements in ExtGK(Pi,P 2 )! because 
the map 

ExtGK(Pi,P2) ^ ExtG„„(Pi,P2) 

is injective. And this proves (SI). Note that since g is injective, so the map Map-S2 
is injective, and so (S2) is also true. 

Now, we can use induction to proceed from d — 1 to d. Suppose both (SI) 

and (S2) are true when the dimension is less or equal to d — 1, and we will show 

— □ 

that they are still both true when the dimension becomes d. Now we have DJI € 

Ext°^_^)_,hape (^2 , where G ,^)-shape(^d> • ■ •, ^ 2 ) is of rank d - 1, 

and foil is of rank 1. So Jp G ExtGj^(p]^,p^). Then we can apply the induction 
hypothesis to to find an upper triangular crystalline lift p^. And now the proof 
is almost verbatim as the d = 2 case, by using the □ variants of above maps, i.e., 
let 

/ : Ext°is(di,d°) ^ Ext°is(Pi,P°)/wis -A Extg^(pi,p^) -A Extg_^(p^, p°). 

And then 

Im(/) C Ext°^”^(pi,p°)[WT(M)]. 

Then consider 

g : Ext°_,hape(^°,^i) ^ ExtG^(pi,p^), 

Suppose f G ExtQ|^™(p;^, p°)[WT(9n)], then by Lemma 4.4 of [Ozel3], we know 
that there exists some £ G Ext^_shape(’^^i ■^i) such that rcris(£) = r. Using our 
assumption (1), we know that £i = 9Jli and G ^^_shape(^rfj..., Tt 2 )- But with 

only Lemma 4.4 of [Ozel3], we do not know if and SUl^ are the same! The key 
point here is that we can apply our induction hypothesis on the statement (S2) to 

conclude £2 = ®^2 ■ this is the whole point that we have introduced all these 

□ notations (when d = 2, we do not need them). 

So with above argument, we still have 

Im( 5 ) D Ext°;);™(pi,p°)[WT(M)]. 

And then we can use similar argument as in the d = 2 case to conclude that 
both (SI) and (S2) are true. 

□ 


7.3. Main local theorem. 

Theorem 7.11. With notations in (CRYS), and suppose that the reduction p is 
upper triangular. Suppose that 

• Condition (C-1) is satisfied, and 

• Either (C-2A) or (C-2B) is satisfied. 

Then there exists an upper triangular crystalline lifting p' off such that HTs(p) = 
HT,(pO,Vs. 


Crystalline liftings and weight part of Serre’s conjecture 


35 


Proof. By Corollary 5.10 of [GLS14], we have G f(y 5 ,T)-shape(^d,..., Oli). When 
(C-2B) is satisfied, we can apply Theorem 7.4. When (C-2A) is satisfied, we can 

equip OTl with a successive Ext structure: OT G T)-shape(^t*’ • ■ • ’ ^i)’ 
apply Theorem 7.10. □ 

Corollary 7.12. With notations in (CRYS), and suppose that the reduction 
p G £{xi,... is upper triangular. Suppose one of the following conditions 
is satisfied: 

(1) K = Qp, the differences between two elements in HT(£)o) never p — 1. 
^nd x~^Xj 7^ l,ep, Vi < j. 

(2) For each s, the differences between two elements in HT(Ils) are never 1. 
And for one so, p - 1 ^ }iT{Dso)-And x~^Xj l,ep, Vi < j. 

(3) For each s, the differences between two elements in HT(Zls) are never 1. 
For one sq, p — 1 ^ HT(Zls(,). For one 0<Sq</ — 1, p^ HT(Ils'^) (it is 
possible that sq = Sq). 

(4) For each s, HT(Zls) C [0,p — 1]. And for one sq, p — 1 ^ HT(Ils|,). 

Then there exists an upper triangular crystalline lifting p' off such that HTs(p) = 
HT,(pO,Vs. 

Proof. (C-1) is satisfied in all the 4 listed conditions. (C-2A) is satisfied in (1) 
and (2). (C-2B) is satisfied in (3) and (4). □ 

By using Fontaine-Laffaille theory, we can also prove some results along the line 
of our main theorem. 

Theorem 7.13 ([BLGGT14], [GL14]). LetK/Qp be a finite unramified extension 
(we can allow p = 2 here), p : Gk GhdiOE) a crystalline representation such 
that p is upper triangular. Suppose either of the following is true: 

(1) HTs(p) C [0,p — 2] for all s (the Hodge-Tate weights need not be distinct). 

(2) HTs(p) C [0,p— 1] for all s (the FIodge-Tate weights need not be distinct), 
and p is unipotent. 

Then there exists an upper triangular crystalline representation p' such that HTs(p') = 
HTs(p) for all s and p' cs p. 

Proof. For (1), see Lemma 1.4.2 of [BLGGT14]. For (2), see Theorem 3.0.3 of 
[GL14]. □ 

Remark 7.14. It is clear that our Corollary 7.12 can completely cover Case (1) 
in Theorem 7.13, but not Case (2). However, our result proves new cases that are 
not covered in Theorem 7.13. For example, in Corollary 7.12(2), it is possible we 
have p G HT(ils") for some Sq (even when K = Qp). Also in Corollary 7.12(3), 
we do not need to assume that p is unipotent (although we have restriction on the 
Hodge-Tate weights). More importantly, our methods can be used to prove similar 
results when K is ramified, where Fontaine-Laffaille theory is not available, see 
forthcoming [Gaol5a]. 

8. Application to weight part of Serre’s conjecture 

The local results proved in Section 7 have direct application to the weight part 
of Serre’s conjecture for mod p Galois representations associated to automorphic 
representations on unitary groups of rank d, as outlined in [BLGG14]. We will 
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only introduce necessary notations for our purposes, and the reader should refer to 
[BLGG14] for any unfamiliar terms and more details. Note that our convention of 
Hodge-Tate weights are the opposite of loc. cit., and we use p for their £, so we 
change the notations accordingly in our paper. 

Throughout this section, we suppose p > 2. Let F be an imaginary CM field, 
with maximal totally real subfield F+, and denote c G Gal(F/T'+) the nontrivial 
element. Suppose that any place v in F'^ over p splits completely in F, that is, 
V = in F for a fixed choice of v. Let Sp = {ii}„g_F+. For each place w \ p ot F, 
denote the completion as F^^, with residue field kyj. 

Definition 8.1. (1) Let := {(oi,..., ad) G Z^ | oi > ... > ad}- 

(2) Define the subset 

(Zd )U„|pHom(fe„.Fp) ^ 

(here all the subscripts w \ p means all places in F over p), where 

'^\p KeHom(A:u, ,Fp) 

is in the subset, if for each w \ p, each k G Hom(fcu,, Fp) and each 1 < i < d, 
we have 

aw,H-,i F aw,Kc,d-\-i—i — 0. 

Definition 8.2. (1) a G Z^j. is called a Serre weight if ai — a^+i < p — 1, VL 

(2) a = (aK)KgHom(fe„ I ) ^ is called a Serre weight if each a^ 

is a Serre weight as in item (1). 

(3) a = {aw)w\p € is called a Serre weight if each a^j is a 

Serre weight as in item (2). 

Now, fix any F/Fp a finite extension, then given any a G Z^J. a Serre weight, we 
define Paj as the F-representation of GL(i(F) obtained by evaluating Ind^^'^ (r(;oa)F 
on F, where wq is the longest element of the Weyl group. Let Na,r be the irreducible 
sub-F-representation of Pa,¥ generated by the highest weight vector. 

Now, for a = (aK)^ G ^ Serre weight, define 

Fa= Fp, 

which is an irreducible Fp-representation of GLdikpf). 

Finally, for a = (au,)u,|p G (Z^[)|^”'*’ ^ a Serre weight, define 

Fa := Fa^, 

v^Sp 

which is an irreducible Fp-representation of H-g^ GL(i(A: 5 ). Also, we define 

Pa := 0 -Pa,, 

v^Sp 

which is an Fp-representation of H-g^^ GLd{ky). 

Now for any K/Qp unramified with residue field k, we can and do naturally 
identify Hom(Ar, AT) with Hom(fc,Fp) (i.e., identify k with its reduction k). Let 
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a € ^Hom(fc,Fp)^ g ^j^g representation p : Gk —t 

GLdiQp) of Hodge type a, if 

HTfi: (p) — 1^K,1 “t“ d 1,Q^ 2 “t“ d 2, . . . , : Vap. 

For a residue representation p : Gk —> GLd(]Fp), let be the set of Serre 

weights a, such that p has a crystalline lift of Hodge type a. Also, let be 

the set of Serre weights a, such that p has a potentially diagonalizable crystalline 
lift of Hodge type a. Here, potential diagonalizability is in the sense of [BLGGT14], 
and the precise definition can be found in Subsection 1.4 of loc. cit., which we omit. 
But we remark that all upper triangular crystalline representations are potentially 
diagonalizable, which is an easy conclusion from the definition. 

Now, we state our main result (see [BLGG14] for any unfamiliar terms). 

Theorem 8.3. Suppose p > 2. Let F be an imaginary CM field, with maximal 
totally real subfield such that 

• F/F~^ is unramified at all finite places. 

• Any place v in F^ over p splits completely in F. 

• Furthermore, p is unramified in F. 

Suppose r : Gp ^ GLd(Fp) is an irreducible representation with split ramifica¬ 
tion. Assume that there is RACSDC automorphic representation H of G\jd{AF) of 
weight p € level prime to p such that: 

• r ~ rp_i(n) (that is, r is automorphic). 

• For each r £ Hom(A, C), pr,i — Si P — d. 

• is adequate. 

Suppose furthermore that for each w \ p, r is upper triangular, that is 

^ IGFu, ^ 5 • ■ ■ ; \w,d) ■ 

Now let _ 

— ( \ ^ /r^d \U„|pHom(fc„.Fp) 

d {dw)w\p Si 

be a Serre weight, such that 

• a«),K,i - Ouj^K.d <p-d + l,Vw, K, and 

• dui S VF'=™(r |gp,^),Vw I p. 

And for each w \ p, any one of the following listed 4 conditions is satisfied. 
Before we proceed to list the conditions, we make the following conventions on 
notations. Since we are fixing one w each time, so for the brevity of notations, 
we can omit w from all the subscripts. So we let [kw ■ Fp] = fw = f, and write 
a.ui = a = (“s.i, • ■ ■,as,d)- Also simply write r F(Xi, ■ ■ ■, Xd)- 

(1) f = 1, i.e., F^ = Qp. ao,i + (d - i) - ooy - (d - j) p - 1, Vi < j. And 
Xf^Xj + l,ep,Vi < j. 

(2) Osd Os,j, Ms, Mi ifi j. For one So, aso,i + {d-i)-aso,j-{d-j) p-l,Vi < j. 

Andxf^Xj 7^ l,ep,Vi <j. 

(3) Osd as^j,'^s,\fi For one sq, nso, 2 “t“(d i) ^so,t j) l,Vi ^ j. 
And for one Sq, + (d — 1) — Og'^^d ^ P (it is possible that sq = SqJ. 

(4) Osp + d - 1 - ds^d < P - 1, Vs. And for one sq, aso,i + d - 1 - 0 * 0 ,^ < p - 2. 
Then, r is automorphic of weight a. ^ 

^In order to save space, we did not recall what it means for r to be automorphic of some 
Serre weight a. Roughly speaking, it means that there exists a degree 0 cohomology class on 
some unitary group with coefficients in a certain local system corresponding to a, whose Hecke 
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Proof. For each w \ p, the listed 4 conditions on Ow are precisely translated from 
those of Corollary 7.12. Since |gf„), so if any one of the listed 

4 conditions is satisfied, then by Corollary 7.12, r \gf^ has a upper triangular 
crystalline lift with Hodge type Ow That is to say, a^j £ then 

we can apply Corollary 4.1.10 of [BLGG14] to conclude. Note that in our case. 
Pa = Fa is irreducible because our Serre weight lies in the closure of the lowest 
alcove, see e.g., Proposition 3.18 of [Her09] for the d = 3 case. □ 
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